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Reading

SH& B, Chapter 2

2.1 Review of CS450

2.1.1 ImageBasics
Image Domains

An image (picture) can be thought of as being afunction of two spatial dimensions:

f(z,y) (2.2)

For monochromatic images, the value of the function is the amount of light at that point.
Sometimes, we can go to even higher dimensionswith variousimaging modalities. Medical CAT and MRI scanners
produce images that are functions of three spatial dimensions:

f(z,y,2) (2.2)

Animage may also be of the form
[z, y,t) (23

(z and y are spatia dimensions; ¢ istime.) Since theimageis of some quantity that varies over two spatial dimensions
and also over time, thisisavideo signal, animation, or other time-varying picture sequence.

Be careful—although both volumes and time-varying sequencies are three-parameter types of images, they are not
the same!

For this course, we'll generaly stick to static, two-dimensional images.
The Varying Quantities

The values in an image can be of many types.
Some of these quantities can be scalars:

e Monochromatic images have asingle light intensity value at each point.
Sometimes, these scalars don’t correspond to quantities such as light or sound:

¢ |n X-ray imaging, the value at each point corresponds to the attenuation of the X-ray beam at that position (i.e.,
not the radiation that gets through but the amount that doesn’t get through).

¢ Inoneform of MR imaging, the value at each point indicates the number of single-proton atoms (i.e., hydrogen)
in that area.

e Range images encode at each point in an image the distance to the nearest object at that point, not it's intensity.
(Nearer objects are brighter, farther objects are darker, etc.)

Some signals don’t have scalar quantities but vector quantities. In other words, multiple values at each point.
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e Color images are usually stored astheir red, green, and blue components at each point. These can be thought of
as a 3-dimensional vector at each point of the image (a 2-dimensional space). Each color is sometimes called a
channel.

¢ Satelliteimaging often involves not only visiblelight but other formsaswell (e.g., thermal imaging). LANDSAT
images have seven distinct channels.

Sampling and Quantization

The spacing of discrete valuesin the domain of animageis called the sampling of that image. Thisisusually described
in terms of some sampling rate-how many samples are taken per unit of each dimension. Examplesinclude “ dots per
inch”, etc.

The spacing of discrete values in the range of an image is called the quantization of that image. Quantization
is usually thought of as the number of bits per pixel. Examples include “black and white images’ (1 bit per pixel),
“24-hit color images’, etc.

Sampling and quantization are independent, and each plays a significant rolein the resulting signal.

Resolution

Sampling and quantization alone, though, don't tell the whole story. Each discrete sampleis usually the result of some
averaging of the values around that sample. (Wejust can’'t make physical deviceswith infinitely small sampling areas.)
The combination of the sampling and the averaging areafor each sample determinesthe resolution of the digital signal.

For example, a digital monitor with 5000x5000 pixels and 24-bit color may sound great, but look before you buy.
If the pixelsare 0.1 mm apart but each pixel has a 10 mm spread, would you buy it?

Note: Thisdiffers from the definition of resolution given in your textbook, which defines resolution simply as the
sampling rate. Thisisacommon misconception.

Resolution is the ability to discern fine detail in the image, and while the sampling rate plays a factor, it is not the
only factor.

2.1.2 TheDé€taFunction
The Dirac delta function is defined as

_f oo ifz=0andy=0
6<x’y)_{ 0 otherwise

/ / 0(z,y) de dy=1

For discrete images, we use a discrete version of this function known as the Kroenecker delta function:

[ 1 ife=0andy=0
8z, y) _{ 0 otherwise

and (asyou'd expect)

ZZd(Ly) de dy=1

—0o0 —O0

One important property of the delta function is the sifting property:

/C:/O:Of(x’y) §(x —a,y—b) do dy = f(a,b)



2.1.3 Convolution

One of the most useful operations in image processing is convolution:

9(2,9) = F(o,9) * h(z,y) :/fo /OO F(a,b) h(e —ayy—b) da db

Remember that convolution was useful for describing the operation of a linear and shift-invariant system. |If
h(zx,y) is the system’s response to a delta function (impulse), the output of the system for any function f(z,y) is
f(x,y) = h(x,y). Many useful systems can be designed by simply designing the desired convolution kernel.

2.1.4 TheFourier Transform

Another way of characterizing the operation of alinear, shift-invariant system is the Fourier Transform.
Remember that any image can be derived as the weighted sum of a number of sinusoidal images of different
frequencies:
[a cos(2mux) + bsin(2muz)] [a cos(2mvz) 4+ bsin(2wvz))

where u isthe frequency in the z direction and v is the frequency in the v direction.

For mathematical convenience and for more compact notation, we often write these using complex arithmetic by
putting the cosine portion of these images as the real part of a complex humber and the sine portion of these images
astheimaginary part:

') — cog(2muz) + i sin(2rux)

To get the weights we use the Fourier Transform, denoted as F:
(oo} (oo} .
F(u,v) = / / fa,y)e~2muetoa) dpdy
—o0 J —00
And to recombine the weighted sinusoids we use the I nver se Fourier Transform, denoted F—!:

fz,y) :/ / F(u,v)e?™We00) - gy dy

What's unique about these sinusoidal images is that each goes through the system unchanged other than amplifi-
cation. This amplification differs according to frequency. So, we can describe the operation of a system by measuring
how each frequency goes through the system (H (u, v))—a quantity called the system’s transfer function. We can
describe what happens to a particular image going through that system by decomposing any image into its weights for
each frequency (F'(u, v)), multiplying each component by its relative amplification (F(u, v) H (u, v)), and recombin-
ing the weighted, multiplied components.

So, the Fourier Transform of the output is the Fourier Transform of the input with each frequency component
amplified differently. If F'(u,v) isthe Fourier Transform of theinput f(z,y) and G(u, v) isthe Fourier Transform of
the output g(z, y),

G(u,v) = F(u,v)H (u,v)

2.1.5 TheConvolution Theorem

The convol ution theorem states that
9(z,y) = f(z,y) * h(z,y)
implies
G(u,v) = F(u,v)H (u,v)
and similarly (though often overlooked):
9(@,y) = f(z,y)h(z,y)
implies
G(u,v) = F(u,v) x H(u,v)

Notice that thisimplies that the transfer function H (u, v) isthe Fourier transform of the impulse response i (z, y).



2.1.6 Linear Systems

To summarize, the relationship between a linear shift-invariant system, itsinput f(z,y), the Fourier transform of its
input F'(u, v), itsoutput g(x, y), and the transform of its output G (u, v) can be summarized as follows:

1. Theoutput g(z, y) isthe convolution of theinput f(x,y) and the impulse respones h(x, y).

2. Thetransform G(u, v) of the output is the product of the transform F'(u, v) of theinput and the transfer function H (u, v).
3. Thetransfer function isthe Fourier transform of the impul se response.

4. The Convolution Theorem states that convolution in one domain is multiplication in the other domain, and vice versa.

5

. It doesn’t matter in which domain you choose to model or implement the operation of the system—mathematically, it isthe
same.

2.1.7 Sampling

Remember that a digital image is made up of samples from a continuous field of light (or some other quantity). If undersampled,
artifacts can be produced. Shannon’s sampling theorem states that if an image is sampled at less than twice the frequency of the
highest frequency component in the continuous source image, aliasing results.

2.1.8 Color Images

In CS 450, you covered color spaces and color models. One of the key ideas from this is that rather than describing color as
simply (red,green,blue) components, we can also describe it in a variety of ways as an intensity component and two chromaticity
components. This is useful for vision because for some application we may wish to operate on (analyze) the intensity or hue
components independently.

2.1.9 Histograms

Asyou learned in CS 450, a histogram of an image can be a useful tool in adjusting intensity levels. It can also be a useful tool in
analyzing images, aswe'll see later in Section 5.1 of your text.

2.1.10 Noise

Remember also from CS 450 that images usually have noise. We usually model this noise as

g(m,y) = f(ac,y) + ﬁ(xvy)

where the noise 72(z, v) is added to the “real” input f(x,y). So, although we'd ideally like to be analyzing f(z,y), al we realy
have to work with is the noise-added g(z, v).

2.2 Playing on the Pixel Grid: Connectivity

Many of the simplest computer vision algorithmsinvolve what | (and others) call “playing on the pixel grid”. These are algorithms
that essentially involve operations between neighboring pixels on arectangular lattice. While these algorithms are usually simple,
they are often very useful and can sometimes become more complex.

2.2.1 Neighborhoodsand Connectivity

One simple relationship between pixels is connectivity—which pixels are “ next to” which others? Can you “get to” one pixel from
another? If so, how “far” isit?

Suppose that we consider as neighbors only the four pixels that share an edge (not a corner) with the pixel in question:
(x+1,y),(x-1,y),(x,y+1),and (X, y- 1) . These are caled “4-connected” neighbors for obvious reasons.



Figure 2.1: 4-connected neighbors.

Now consider the following:

Figure 2.2: Paradox of 4-connected neighbors.

The black pixels on the diagonal in Fig.[22lare not 4-connected. However, they serve as an effective insulator between the two
sets of white pixels, which are also not 4-connected across the black pixels. This creates undesirable topological anomalies.

An dlternative is to consider a pixel as connected not just pixels on the same row or column, but also the diagonal pixels. The
four 4-connected pixels plus the diagonal pixels are called “8-connected” neighbors, again for obvious reasons.

Figure 2.3: 8-connected neighbors.

But again, atopological anomaly occurs in the case shown in Figure2.2] The black pixels on the diagonal are connected, but
then again so are the white background pixels. Some pixels are connected across the links between other connected pixels!

The usual solution is to use 4-connectivity for the foreground with 8-connectivity for the background or to use 8-connectivity
for the foreground with 4-connectivity for the background, asillustrated in Fig2:4]

Figure 2.4: Solution to paradoxes of 4-connected and 8-connected neighbors. use different connectivity for the fore-
ground and background.



Another form of connectivity is* mixed-connectivity” (Fig.@ aform of 8-connectivity that considers diagonally-adjacent pix-
elsto be connected if no shared 4-connected neighbor exists. (In other words, use 4-connectivity where possible and 8-connectivity
where not.)

Figure 2.5: Mixed connectivity.

2.2.2 Propertiesof Connectivity

For simplicity, we will consider a pixel to be connected to itself (trivial connectivity). In thisway, connectivity iskeflexivel

It is pretty easy to see that connectivity is alsolsymmetric] a pixel and its neighbor are mutually connected.

4-connectivity and 8-connectivity are alsoltransitive] if pixel A is connected to pixel B, and pixel B is connected to pixel C,
then there exists a connected path between pixels A and C.

A relation (such as connectivity) is called anlequivalence relationlif it is reflexive, symmetric, and transitive.

2.2.3 Connected Component Labeling

If one finds all equivalence classes of connected pixelsin abinary image, thisis called connected component labeling. The result
of connected component labeling is another image in which everything in one connected region is labeled “1” (for example),
everything in another connected region is labeled “2”, etc.

Can you think of ways to do connected component labeling?

Hereis one algorithm:

1. Scan through the image pixel by pixel across each row in order:

e |f the pixel has no connected neighbors with the same value that have already been labeled, create a new
unique label and assign it to that pixel.

e |f the pixel has exactly one label among its connected neighbor with the same value that has already been
labeled, giveit that label.

o |f the pixel has two or more connected neighbors with the same value but different labels, choose one of the
labels and remember that these labels are equivalent.

2. Resolve the equivalencies by making another pass through the image and labeling each pixel with a unique label
for its equivalence class.

Algorithm 2.1: One algorithm for connected component labeling

A variation of this algorithm does not keep track of equivalence classes during the labeling process but instead makes multiple
passes through the labeled image resolving the labels. It does so by updating each label that has a neighbor with a lower-valued
label. Sincethis process may require multiple passes through the label image to resol ve the equival ence classes, these passes usually
alternate top-to-bottom, left-to-right and bottom-to-top, right-to-left to speed label propagation.

You will implement this algorithm (or a similar one of your choosing) as part of your second programming assignment.

2.3 Distances Between Pixels

It is often useful to describe the distance between two pixels (z1,y1) and (z2, y2).



e One obvious measure is the Euclidean (as the crow flies) distance

(21 — 22)* + (91 — 92)?] /*

e Another measure is the 4-connected distance D, (sometimes called city-block distance

|z1 — @2| + [y1 — y2|

e A third measure is the 8-connected distance Ds (sometimes called chessboard distance

max (|1 — 22|, [y1 — y2|)

For those familiar with vector norms, these correspond to the Ls, L1, and Lo, norms.

2.3.1 Distance Maps

It is often useful to construct a distance map (sometimes called a chamfer) for aregion of pixels. The ideaisto label each point
with the minimum distance from the pixel to the boundary of the region. Calculating this precisely for Euclidean distance can
be computationally intensitive, but doing so for the city-block, chess-board, or similar measures can be done iteratively. (See
Algorithm 2.1 on page 28 of your text.)

2.4 Other Topological Properties
24.1 Convex Hull

The convex hull of aregion isthe minimal convex region that entirely encompassesiit.

24.2 Holes, Lakes, and Bays

One simple way of describing a shape isto consider the connected regions inside the convex hull but not in the shape of interest.

2.5 Edgesand Boundaries

An edgeis apixel that has geometric properties indicative of a strong transition from one region to another. There are many ways
to find edges, aswe'll talk about later, but for now simply think of it as a strong transition.

Sometimes, we want to consider edges not as at pixels but as separating pixels. These are called crack edges.

Another concept is of aborder. Once aregionisidentified, itsborder isall pixelsin the region that are adjacent to pixelsoutside
the region. One would hope that the set of boundary pixels and edge pixels are the same, but thisisrarely so simple.

New Vocabulary

le_4-connected neighbor |
le_8-connected neighbor |
le_mixed-connected neighbor |
le_Connected Component | abelingl

e Distance metrics (Euclidean, city block, chessboard)

e Distance map
e Convex hull
e Edge

e Crack edge
e Border
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Reading

SH&B, Chapter 3

3.1 Introduction

If you're going to analyze the content of an image, you first have to develop ways of representing image information.

3.2 Image Maps

The simplest way to store information about an image is on a per-pixel basis. The idea is to build a one-to-one mapping
between information and pixels. Of course, the easiest way to do this is with other images of the same size. So, while
you may have an original image that you're trying to analyze, you may also have any number of other images that
store information about the corresponding pixel in the original image. Such information may include

region labels (which object does this picture belong to)

local geometric information (derivatives, etc.)

distances (the distance maps we saw in the last lecture)

e etc.

3.3 Chains

One step up from image maps is to store information on a per-region basis. The most basic thing to store about a
region is where it is. One could store the location of each pixel in the region, but one can be more efficient by simply
storing the border. By traversing the border in a pre-defined direction around the region, one carctmiitd a

Instead of encoding the actual pixel locations, we really need to only encode their relative relationshga: a
code. For 4-connected borders, we can do this with only two bits per pixel. For 8-connected borders, we need three
bits per pixel. An example of a chain code is showhin Figurd 3.1 of your text.

Later on, we’ll talk about other ways of representing chains and using these encodings to extract shape object
information.

3.4 Run-Length Encoding

In CS 450, you probably talked about run-length encoding as a way of compressing image content. We can also
use run-length encoding to store regions (or images, or image maps). An example run-length encoding is given in
of your text.

3.5 Hierarchical Image Structures

Another way of storing image information is hierarchically. There are many ways to do this, but we’ll talk about two
methods here: pyramids and trees.
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3.5.1 Pyramids

An image pyramid is a hierarchy of successively lower-resolution images based on the original image. Each stage in
building the pyramid involves the following two steps:

1. Blur the image by some resolution-reducing kernel (low-pass filtering).
2. Because the image has now been low-pass filtered, one can reduce the sampling rate accordingly.

Notice that there are no constraints on the type of low-pass filtering done or the reduction in sampling rate other
than the contraint imposed by the sampling theorem.

The most common way of building a pyramid is to do a 2-to-1 reduction in the sampling rate. This makes things
convenient for storing the image, mapping lower-resolution pixels to higher-resolution pixels, etc. The simplest way
to blur the image so as to reduce the resolution by afactor of 2 iswith a2 x 2 uniform kernel. Done this way, each
pixel in the pyramid is simply the average of the corresponding 2 x 2 region in the next lower-resol ution image.

The problem with this type of reduction is that the “footprints’ of the lower-resolution pixels don’'t overlap in the
higher-resolution image. This means that this upper levels of the pyramid can be extremely sensitive to single-pixel
shiftsin the original image. |deally, we want to build pyramidal representations that are invariant to such translation.

It's usually better then to build pyramids by using footprints that overlap spatially in the original image. One can
use small triangles of finite extent, Gaussians, etc.

Pyramids can be used to greatly speed up analysis algorithms. The provide a “divide and conquer” approach to
vision algorithms. We'll see various examples of such pyramidal algorithms as the semester progresses.

352 Trees

Another way of representing images it to store large, coherent regions using a single piece of data. One example of
thisisthe quadtree. A quadtree is built by breaking the image into four equal-size pieces. If any one of these pieces
is homogeneous (in whatever property you're using the tree to represent), don’t subdivide it any further. If the region
isn't homogeneous, split it into four equal-size subregions and repeat the process. The resulting representation is a
tree of degree 4 where the root of the treeis the entire image, the four child nodes are the four initial subregions, their
children (if any) are their subregions, etc. The leaves of the tree correspond to homogeneous regions. An example of
aquadtree is shown in[Figure 3.6lof your text.

Quadtrees have been used for compression, rapid searching, or other applications where it is useful to stop pro-
cessing homogeneous regions.

Notice that although built differently (bottom-up vs. top-down), reduce-by-two pyramids and quadtrees are almost
the same. One just uses images and the other uses trees. Pyramids have the advantage that it is easy to do spatial
operations at any level of the hierarchy; trees have the advantage that they don't store redundant information for
homogeneous regions.

3.6 Relation Graphs

Once you've segmented an image into regions that (you hope) correspond to objects, you may want to know the spatial
relationships between the regions. By recording which regions are next to which other regions, you can build a graph
that describes these relationships. Such a graph is called a region adjacenty graph. An example such a graphisin

of your text. Notice that nodes of degree 1 are inside the region that they’re adjacent to. (It's common to
use a node to represent everything outside the image.)

3.7 Co-occurrence Matrices

Suppose that you want to record how often certain transitions occur as you go from one pixel to another. Define a
spatia relationship r such as “to the left of ", “above”, etc. The co-occurrence matrix C,. for thisrelationship » counts
the number of times that a pixel with value i occurs with relationship  with a pixel with value j. Co-occurrence
matrices are mainly used to describe region texture (and we'll come back to them then), but they can also be used on
image maps to measure how often pixels with certain labels occur with certain relationships to other labels.
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region adjacency graphs
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Reading

SH&B, Section 5.1

4.1 Introduction

Segmentation involves separating an image into regions (or their contours) corresponding to objects. We usually try
to segment regions by identifying common properties. Or, similarly, we identify contours by identifijiegnces
between regions (edges).

The simplest property that pixels in a region can share is intensity. So, a natural way to segment such regions is
throughthresholding, the separation of light and dark regions.

Thresholding creates binary images from grey-level ones by turning all pixels below some threshold to zero and all
pixels about that threshold to one. (What you want to do with pixels at the threshold doesn’'t matter, as long as you're
consistent.)

If g(x,y) is a thresholded version ¢f(z, y) at some global threshol,

sen={ o oo @1)

4.2 Problemswith Thresholding

The major problem with thresholding is that we consider only the intensity, not any relationships between the pixels.
There is no guarantee that the pixels identified by the thresholding process are contiguous.

We can easily include extraneous pixels that aren't part of the desired region, and we can just as easily miss isolated
pixels within the region (especially near the boundaries of the region). These effects get worse as the noise gets worse,
simply because it's more likely that a pixels intensity doesn't represent the normal intensity in the region.

When we use thresholding, we typically have to play with it, sometimes losing too much of the region and some-
times getting too many extraneous background pixels. (Shadows of objects in the image are also a real pain—not
just where they fall across another object but where they mistakenly get included as part of a dark object on a light
background.)

4.3 Local Thresholding

Another problem with global thresholding is that changes in illumination across the scene may cause some parts to be
brighter (in the light) and some parts darker (in shadow) in ways that have nothing to do with the objects in the image.

We can deal, at least in part, with such uneven illumination by determining thresholds locally. That is, instead of
having a single global threshold, we allow the threshold itself to smoothly vary across the image.

4.4 Automated Methodsfor Finding Thresholds

To set a global threshold or to adapt a local threshold to an area, we usually look at the histogram to see if we can find
two or more distinct modes—one for the foreground and one for the background.
Recall that a histogram is a probability distribution:

p(g) =ng/n (4.2)
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That is, the number of pixelsn, having greyscale intensity g as afraction of the total number of pixelsn.
Here are five different ways to ook at the problem:

441 Known Distribution

If you know that the object you're looking for is brighter than the background and occupies a certain fraction 1/p of
the image, you can set the threshold by simply finding the intensity level such that the desired percentage of theimage
pixels are below thisvalue. Thisis easily extracted from the cumulative histogram:

c(g) =Y _p(9) (43

Simply set the threshold T such that ¢(T') = 1/p. (Or, if you're looking for a dark object on a light background,
oT)=1-1/p)

4.4.2 Finding Peaksand Valleys

One extremely simple way to find a suitable threshold is to find each of the modes (local maxima) and then find the
valley (minimum) between them.
While this method appears simple, there are two main problems with it:

1. The histogram may be noisy, thus causing many local minima and maxima. To get around this, the histogram is
usually smoothed before trying to find separate modes.

2. The sum of two separate distributions, each with their own mode, may not produce a distribution with two
distinct modes. (See the plots on the right side of [Eigure 5.41of your text.)

443 Clustering (K-Means Variation)

Another way to look at the problem is that we have two groups of pixels, one with one range of values and one with
another. What makes thresholding difficult is that these ranges usually overlap. What we want to do is to minimize
the error of classifying a background pixel as a foreground one or vice versa. To do this, we try to minimize the area
under the histogram for one region that lies on the other region’s side of the threshold. The problem is that we don’t
have the histograms for each region, only the histogram for the combined regions. (If we had the regions, why would
we need to do segmentation?)

Understand that the place of minimum overlap (the place where the misclassified areas of the distributions are
equal) is not is not necessarily where the valley occurs in the combined histogram. This occurs, for example, when
one cluster has awide distribution and the other a narrow one. (See the plots in[Eigure 5.4]of your text.)

One way that we can try to do thisis to consider the values in the two regions as two clusters. Section 5.1.2 of
your book describes amethod for finding athreshold by clustering the histogram. The ideaisto pick athreshold such
that each pixel on each side of the threshold is closer in intensity to the mean of all pixels on that side of the threshold
than the mean of all pixels on the other side of the threshold.

In other words, let 15 (T) be the mean of al pixels less than the threshold and 1.0 (T") be the mean of al pixels
greater than the threshold. We want to find a threshold such that the following holds:

Vg>T:|g—pup(T)| > |g— pno(T)|

and
Vg <T:l|g—ps(T)| <lg—pro(T)

[Algorithm 5.2]in your text shows an algorithm for finding such clustering. This is a variation of the k-means
clustering algorithm used in pattern recognition and discussed in CS 521. The basic idea is to start by estimating
up(T) asthe average of the four corner pixels (assumed to be background) and 1.0 (T") as the average of everything
else. Set the threshold to be halfway between 1 5(T") and po (T') (thus separating the pixels according to how close
their intensitiesareto (T and uo (T') respectively). Now, update the estimates of p5(T") and o (T') respectively
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by actually calculating the means of the pixels on each side of the threshold. This process repeats until the algorithm
converges.

This method works well if the spreads of the distributions are approximately equal, but it does not handle well the
case where the distributions have differing variances.

4.4.4 Clustering (The Otsu Method)

Another way of accomplishing similar resultsisto set the threshold so asto try to make each cluster astight aspossible,
thus (hopefully!) minimizing their overlap. Obviously, we can't change the distributions, but we can adjust where we
separate them (the threshold). As we adjust the threshold one way, we increase the spread of one and decrease the
spread of the other. The goal then is to select the threshold that minimizes the combined spread.

We can define the within-class variance as the weighted sum of the variances of each cluster:

owithin(T) = n5(T)o%(T) +no(T)og(T) (4.4)
where
T-1
np(T) = > pli) (4.5)
1=0
N-—-1
no(T) = pli) (4.6)
=T
0%(T) = thevariance of the pixelsin the 4.7
background (below threshold)
0%(T) = thevarianceof the pixelsin the (4.8)

foreground (above threshold)
4.9

and [0, N — 1] istherange of intensity levels.

Computing this within-class variance for each of the two classes for each possible threshold involves a lot of
computation, but there’s an easier way.

If you subtract the within-class variance from the total variance of the combined distribution, you get something
called the between-class variance:

BetweenT) = 0% = Aithin(T)
o nn(T) i (T) — i + no () (o (T) — i? (410

where o2 is the combined variance and ;. is the combined mean. Notice that the between-class variance is simply
the weighted variance of the cluster means themselves around the overall mean. Substituting ¢ = np(T)up(T) +
no(T)po(T) and simplifying, we get

oBeween(I) = n5(T)no(T)[us(T) — po(T))? (411)
So, for each potential threshold 7" we
1. Separate the pixelsinto two clusters according to the threshold.
2. Find the mean of each cluster.
3. Square the difference between the means.
4. Multiply by the number of pixelsin one cluster times the number in the other.

This depends only on the difference between the means of the two clusters, thus avoiding having to calculate dif-
ferences between individual intensities and the cluster means. The optimal threshold is the one that maximizes the
between-class variance (or, conversely, minimizes the within-class variance).



This till sounds like a lot of work, since we have to do this for each possible threshold, but it turns out that the
computations aren’t independent as we change from one threshold to another. We can update ng(T"), no(T'), and the
respective cluster means p5(7T") and o (T') as pixels move from one cluster to the other as T increases. Using simple
recurrence relations we can update the between-class variance as we successively test each threshold:

’I’LB(T + 1) = TLB(T) +nr
no(

no(T'+1) = T)—nr

~ up(T)np(T) +nrT
pa(T+1) = = nBJ(BT+1) -

_ po(T)no(T) —nrT
poT+1) =25 Ty

This method is sometimes called the Otsu method, after itsfirst publisher.

445 Mixture Modeling

Another way to minimize the classification error in the threshold is to suppose that each group is Gaussian-distributed.
Each of the distributions has a mean (.5 and po respectively) and a standard deviation (o and oo respectively)
independent of the threshold we choose:

hmodel (9) = np e~ OHB) /295 4 o= (9710)*/205

Whereas the Otsu method separated the two clusters according to the threshold and tried to optimize some statis-
tical measure, mixture modeling assumes that there already exists two distributions and we must find them. Once we
know the parameters of the distributions, it's easy to determine the best threshold.

Unfortunately, we have six unknown parameters (ngz, no, ug, o, o, ad op), SO we need to make some
estimates of these quantities.

If the two distributions are reasonably well separated (some overlap but not too much), we can choose an arbitrary
threshold 7" and assume that the mean and standard deviation of each group approximates the mean and standard de-
viation of the two underlying populations. We can then measure how well amix of the two distributions approximates
the overall distribution:

N-1
F= Z [hmodel (9) — himage(g)}2
0

Choosing the optimal threshold thus becomes a matter of finding the one that causes the mixture of the two
estimated Gaussian distributions to best approximate the actual histogram (minimizes F). Unfortunately, the solution
space is too large to search exhaustively, so most methods use some form of gradient descent method. Such gradient-
descent methods depend heavily on the accuracy of the initial estimate, but the Otsu method or similar clustering
methods can usually provide reasonable initial estimates.

Mixture modeling also extends to models with more than two underlying distributions (more than two types of
regions). For example, segmenting CT imagesinto grey matter, white matter, and cerebral spinal fluid (CSF).

4.5 Multispectral Thresholding

Section 5.1.3 of your text describes a technique for segmenting images with multiple components (color images,
Landsat images, or MRI images with T1, T2, and proton-density bands). It works by estimating the optimal threshold
in one channel and then segmenting the overall image based on that threshold. We then subdivide each of these
regions independently using properties of the second channel. We repest it again for the third channel, and so on,
running through all channels repeatedly until each region in the image exhibits a distribution indicative of a coherent
region (asingle mode).



4.6 Thresholding Along Boundaries

If we want our thresholding method to give stay fairly true to the boundaries of the object, we can first apply some
boundary-finding method (such as edge detection techniques that we'll cover later) and then sample the pixels only
where the boundary probability is high.
Thus, our threshold method based on pixels near boundaries will cause separations of the pixelsin ways that tend
to preserve the boundaries. Other scattered distributions within the object or the background are of no relevance.
However, if the characteristics change along the boundary, we're still in trouble. And, of course, there's still no
guarantee that we'll not have extraneous pixels or holes.

Vocabulary

Thresholding

Loca Thresholding

Clustering
Otsu Method

Mixture Modeling
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5.1 What isMathematical Morphology?

“Morphology” can literally be taken to mean “doing things to shapes”. “Mathematical morphology” then, by exten-
sion, means using mathematical principals to do things to shapes.

5.2 Image Regions as Sets

The basis of mathematical morphology is the description of image regions as sets. For a binary image, we can consider
the “on” (1) pixels to all comprise a set of values from the “universe” of pixels in the image. Throughout our discussion
of mathematical morphology (or just “morphology”), when we refer to an imégee mean the set of “on” (1) pixels
in that image.
The “off” (0) pixels are thus the set compliment of the set of on pixels ABywe mean the compliment of, or
the off (0) pixels. We can now use standard set notation to describe image operations:

the image
A° the compliment of the image (inverse)
AUB the union of images! andB
ANB the intersection of imaged and B
A—B=AnNDB¢ the difference betweedA andB (the pixels inA that aren't inB)
#A the cardinality ofA (area of the object(s))

We'll also need to introduce the notion of a translated image set. The ivhagmslated by movement vectois
Ar ={c|c=a+tforsomes € A} (5.1)

Now, we have the necessary notation to introduce most of the rest of mathematical morphology. The first two basic
operations are dilation and erosion.
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5.3 BasicBinary Operations

5.3.1 Dilation
Dilation (sometimes called “Minkowsky addition™) is defined as follows.

A®B={c|c=a+bforsomea € Aandb € B} (5.2

One way to think of thisis to take copies of A and tranglate them by movement vectors defined by each of the pixels
in B. (This means we have to define an origin for B.) If we union these copies together, we get A @ B. This can be
written as
AoB= ] A (5.3)
teB
Alternatively, we can take copies of B and translate them by movement vectors defined by each of the pixelsin
A—dilation is commutative. An interpretation of thislatter way of thinking about it isto put acopy of B at each pixel
in A. If we“stamp” acopy of B at each pixel in A and union all of the copies, we get A & B. This can be written this
way:
AeB=|]JB (5.4)
te A
In this way, dilation works much like convolution: dlide a kernel to each position in the image and at each position
“apply” (union) the kernel. In the case of morphology, we call thiskernel B the structuring el ement.
Dilation is aso associative as well as commutative:

(AeB)eC=A® (Ba()) (5.5

Thisfollows naturally from the way we are unioning multiple translated sets together.

This associativity is useful for decomposing a single large dilation into multiple smaller ones. Suppose, for exam-
ple, that you have available a board that does 3 x 3 dilation in hardware, but you want to perform dilation by a7 x 9
structuring element. Does there exist a set of 3 x 3 element that when dilated by each other in succession gives the
7 x 9 one? If so, you can write the larger dilation as the result of successively dilating by the smaller elements.

5.3.2 Erosion
Erosion (sometimes called “Minkowsky subtraction”) is defined as follows.

AcoB={xz|z+bec Aforeveryb € B} (5.6)

One way to think of thisis to take copies of A and again trandate them by movement vectors defined by each of the
pixelsin B. However, this time we move them in the opposite direction (—b) and intersect the copies together. This
can be written as
AeB= ()AL (5.7)
teB

An interpretation of this latter way of thinking about it is to again put a copy of B at each pixel in A. If count only
those copies whose translated structuring elements lie entirely in A and mark the pixelsin A that these copies were
trandated to, weget A © B.

Unlike dilation, erosion is not commutative. (Much like how addition is commutative while subtraction is not.)

Also unlike dilation, erosion is not associétive:

(AeB)eC=Ae(BaC) (5.8)



5.3.3 Duality of Dilation and Erosion

When one operation isthe dual of the other, it means that one can be written in terms of the other.
This does not, however, mean that they are opposites. Unlike arithmetic addition and subtraction,

(A®B)eBZ A (5.9)
Dilation and erosion are related as follows. If B denotes the reflection of B,

(A@B) = A°eB
(AeBf = AoB (>10)
In other words, dilating the “foreground” is the same as eroding the “ background”, but the structuring element reflects
between the two. Likewise, eroding the foreground is the same as dilating the background.
So, strictly speaking we don't really need both dilate and erode: with one or the other, and with set complement
and reflection of the structuring element, we can achieve the same functionality. Hence, dilation and erosion are duals.
This duality can also be used to derive an equivalent to associativity for erosion:

(AeB)sC

ca(Ba ()" (5.11)

(
(
=
(
=

Thus, we can combine the effects of eroding by first B then C' into a single erosion by the dilation of B by C'. Again
making the analogy to normal arithmetic, thisreally isn’t al that different fromhow (A — B) —C = A — (B+ C).

5.4 Some Examples of Using Dilation and Erosion

Suppose that you wanted to find all pixels lying on the boundary of an object. We could perform the following
operations:
Boundeyt(A) = (A® B) — A (5.12)

where B wasa3 x 3 structuring element containing all 1s. Thiswould give us all background pixels that bordered the
. egr if we wanted all foreground pixels that bordered the background, we could use
Boundjt(A) = A— (A& B) (5.13)
You could also extend this to give you minimum (8-connected) distance from an object:

Dist; = (A@®; B) — (A®;_1 B) (5.14)

where @; denotes i applications of the dilation operator.
Do you see how you can create 4-connected equivalents of these?

5.5 Proving Properties of Mathematical M orphology

To construct proofs using mathematical morphology, you employ algebraic proofs using the properties shown here
and other properties from set algebra. The example in Eq.[5.11]s one such type of proof. In some of your homework
problems, you will use similar techniques to prove other useful properties.



5.6 Hit-and-Miss

When eroding, the “0”s in the structuring element act like “don’t care” conditions—they don’t really require that the
image be on or off at that point, only that the remaining “1” pixelsfit inside the object. In other words, it finds places
that “look like this’ (for the 1s), but has no way to say “but doesn’t look like this” (for the 0s).

We can can combine erosion and dilation to produce an operator that acts like this: the “hit and miss’ operator.
The operator takes two elements. one that must “hit” and one that must “miss”.

The operator is defined as follows. If the structuring elements J (hit) and K (miss) are applied to the image A:

A® (J,K)=(AS J)N (A6 K) (5.15)

In other words, the structuring element J must fit inside the object and the element K must fit outside the object at
that position.

This gives us aform of binary template matching. For example, the following structuring elements give an “ upper
right” corner detector:

0/0|0 0l1]1

1,10 0/0|1

0/1|0 0(0]0
J K

The J element finds the points with connected left and lower neighbors, and the H element finds the points without
upper, upper right, and right neighbors.
In some cases, we' ll simply use asingle structuring element B, with the assumptionthat / = B and K = B°. |.e,

A®B=A® (B,B% = (Ao B)n (A°o BY)

Noticethat thisdoesn’t, however, allow for athird case: “don’t care” pixels—onesthat could be either inside or outside
the shape. Some authors will for this reason write the two operators as a single one using 1s for the hits, Os for the
misses, and “x"s for the don’t-care positions. In the previous example, this would be written as

Xx|0|O0
1/1|0
X|1]|X

Thisform is perhaps more useful for visualizing what the structuring element is designed to find. Remember, though,
that you still have to apply two different operators, one for hit (the 1s) and one for miss (the 0s), when implementing
hit-and-miss.

5.7 Opening and Closing
5.7.1 Opening

An opening is an erosion followed by adilation with the same structuring element:
AoB=(AeB)®B (5.16)

Remember that erosion finds all the places where the structuring element fits inside the image, but it only marks
these positions at the origin of the element. By following an erosion by adilation, we “fill back in” the full structuring
element at places where the element fits inside the object. So, an opening can be consider to be the union of all
trandlated copies of the structuring element that can fit inside the object.

Openings can be used to remove small objects, protrusions from objects, and connections between objects. So, for
example, opening by a5 x 5 sguare element will remove all things that are less than 5 pixels high or lessthan 5 pixels
tall.



5.7.2 Closing

Closing works in an opposite fashion from opening:
AeB=(A®B)SB (5.17)

Whereas opening removes al pixels where the structuring element won't fit inside the image foreground, closing fills
in all places where the structuring element will not fit in the image background.

Remember, though, duality doesn’t imply inverse operations: an opening following a closing will not restore the
origina image.
5.7.3 Propertiesof Opening and Closing
Duality

Closing isthe dual of opening: 5
(AoB)*=A°eB (5.18)

Just as erosion can be implemented using dilation (and vice versa), opening can be implemented using closing (and
vice versa)
Idempotence

An important property of opening and closing operationsisthat they are idempotent: if you apply one more than once,
nothing changes after the first application. So,

AoBoB=AoB (5.19)

and
AeBeB=AeRB (5.20)

5.7.4 Applications of Opening and Closing

Opening and closing are the basic workhorses of morphological noise removal. Opening removes small objects, and
closing removes small holes.

Finding Things

You can aso use opening and closing to find specific shapes in an image. While these may not be “noise’, they
may just be other things that you don’t care about. (In this sense, perhaps noise is just things you don’t care about?)
Opening can be used to only find things into which a specific structuring element can fit.

Subdivision into Parts

You can aso extend this idea to part subdivision. Suppose that you know that a particular object has specific parts
with specific shapes. Openings can be used to separate those parts by shaping the structuring elements to “fit” into
those parts. They don't have to exactly match the parts—it’s sufficient to only fit into some parts while not fitting into
others.

Vocabulary
e Mathematical Morphology
e Dilation

e Erosion
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We'll cover the remainder of Chapter 11 (from 11.5.3 on) later in the course.

6.1 Thickeningand Thinning

We can use hit-and-miss operators to find specific points and either add them or remove them from the object. If we
find such pixels and add them to the object, that constitutbicleening:

A0 (J,K)=AU((A® (J,K)) (6.1)
Similarly, if we find such pixels and remove them from the object, that constitutesrang:

Ao (JK)=A—-(A® (J,K)) (6.2)
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6.2 Recursive Morphology

Recursive morphological operators are those that are defined in terms of themselves and are applied recursively or
iteratively to the image. Examples of recursive morphological processes are distance maps, convex hull, and thinned
skeletons.

6.2.1 Distance Maps

We discussed distance maps earlier in Lecture 2. Distance maps can be calculated using morphological operations.
The set of al pixelswith distance ¢ from the object can be calculated as follows:

Dist; = (A ®; B) — (A@;_1 B)

where @; denotes i applications of the dilation operator.

6.2.2 Convex Hull

The convex hull of an object is the smallest convex shape that entirely contains that object. We can calculate the
convex hull of an image object by repeatedly finding and thickening convexities.

6.2.3 Skeletons

A skeleton of an object isa single-pixel thin set of pixels produced by repeatedly thinning the object. We can't do this
using erosion alone, because we have to be able to detect when deletion of a pixel would make the object disconnected.
So, we have to use hit-and-miss operators (thinning.

6.3 Conditional Dilation

Conditional dilation essentially involves dilation of an image followed by intersection with some other “condition”
image. In other words, new pixels are added to the original

1. the pixel isin the dilation of the original, and
2. the pixel isin the condition image.

In this way, the condition image acts like amask on the dilation. Thisiswritten as
Ao || B=(A®B)NnI (6.3)

Here is an example of how we might use conditional dilation. Suppose that after applying certain morphological
operationsto find specific pointsin an image we wanted to find the original connected components within which those
points were found. In essence, we want to “grow” those points out to fill the original connected component. One
obvious way would be to combine connected-component labeling with morphological operations. However, you can
do it with conditional dilation.

Let I be the original image and A the morphologically-reduced image that you want to “grow back”. Let B bea
3 x 3 structuring element containing al 1s. Let Jo = Aand J; = (J;—1 ® B) N 1. So, a each iteration I, J; “grows’
out one pixel but only along the original image points. Eventually, thiswill convergeto J; = J;_1, and the algorithm
stops. Thisisillustrated in Haralick, Figure 5.26.

Vocabulary

e Thickening
e Thinning
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7.1 Introduction

Normally, shape description comes after we study segmentation. (First find the objects, then describe them.) However,
we're going to study shape description first so that you can use it, along with the simple thresholding segmentation
technique you' ve already learned, inlyour first programming assignment.|

In this and lthe following lecture] we'll cover ways of representing and describing shapes by their contours or
borders. In Lectures@lbnd[10] we' Il cover ways to represent and describe shapes by their regions.

First, we'll discuss how to encode the boundary (representation), and then we'll discuss how to describe each in
ways that distill certain properties from this boundary (descriptors).

7.2 Region Identification

Section 6.1 of your text describesfan_algorithmlthat you may recognize as the connected-components algorithm we
discussed in class in[Lecture 2]

7.3 Invariance

One of the most useful properties of a descriptor is that it remain the same for a given object under a variety of
transformations. This property is called invariance.

Specificaly, invarianceis defined asfollows. A property P isinvariant to transformation 7" iff measurement of the
property P commutes with the transformation 7°:

where I denotes our image. In other words, if we transform the image before measuring the property, we get the same
result (perhaps similarly transformed) as if we measured the property on the image itself.

Simply put, invariance means that visual properties stay consistent under specific transformations. dogs don't turn
into cats just because they're rotated, trandlated, darkened, lightened, resized, etc.

7.4 Encoding Boundary Curves Sequentially

In[Cecture 3] we talked briefly about chain codes as a data structure. We begin by briefly reviewing thisidea and then
extend it to more robust variations.

7.4.1 Basic Chain Codes

Remember how in CS 450 we compressed asignal by only encoding the difference between successive values, not the
full values themselves? Well, we can do the same thing with boundaries. Once we have identified the boundary pixels
of aregion, we can encode them by only storing the relative difference as we go from pixel to pixel clockwise around
the contour.

If the contour is 4-connected, we only need four values (two hits) to encode the direction to the next pixel. If the
contour is 8-connected, we need eight numbers (three bits).

By encoding relative, rather than absolute position of the contour, the representation is trandation invariant. We
can match boundaries by comparing their chain codes, but with the following problems:

¢ Wehaveto have the same starting point. If the starting points are different, we have to rotate the code to different
starting points.

e Small variationsin the contour give different codes. Matching chain code for slightly noisy versions of the same
object can be very difficult.

e The representation is not rotationally invariant.
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7.4.2 Differential Chain Codes

We can deal (somewhat) with the rotational variance of chain codes by encoding not the relative direction, but differ-
ences in the successive directions: differential chain codes. This can be computed by subtracting each element of the
chain code from the previous one and taking the result modulo n, where n is the connectivity.

This differencing allows usto rotate the object in 90-degree increments and still compare the objects, but it doesn’t
get around the inherent sensitivity of chain codes to rotation on the discrete pixel grid.

7.4.3 ShapeNumbers

Remember how we discussed the effect changing the starting point has on chain codes and differential chain codes?
Moving the starting point rotates the code. If we rotate an n-element code so that it has the smallest value when viewed
as an n-digit integer, that would be invariant to the selection of the starting point.

Such anormalized differential chain codeis called a shape number.

As with chain codes, shape numbers are very sensitive to rotation, to resizing, and to discrete pixel artifacts. We
can try to normalize away these effects by resampling the grid along some principal axis of the shape. Thisresampling
(perhaps at some angle and sampling rate different from the original grid) can account for rotation, resizing, and minor
pixel artifacts.

7.4.4 Smoothing Chain Codes

Chain codes, their derivatives, and shape numbers are sensitive to the pixel grid. One way to deal with thisisto first
smooth the shape, then record the representation. While this loses information and does not permit reconstruction of
the object, it helps remove “noise” in the representation when comparing two objects.

7.45 Resampling Chain Codes

To deal with this sensitivity to the pixel grid, we can a so resampl e the boundary onto a coarser grid and then compute
the chain codes of this coarser representation. This also smooths out small variations but can help compensate for
differencesin chain-code length due to the pixel grid. It can, however lose significant structure for small objects.

746 1-s Curves

Another method, similar to chain codes, isto store the tangent vector at every boundary point. In fact, we don’t really
care about the magnitude of the tangent, only the direction. So, we can encode the angle of the tangent ) asafunction
of arc length s around the contour: v (s) This representation is called a«-s curve.

Since we're encoding the angle of the tangent vector, we can choose some arbitrary reference frame (zero-degree
tangent). If welet the tangent at the starting point have an angle of zero, the rest of the curveis described relative to it.
Thus, our ¢-s curve always starts and ends at zero.

The -5 representation has the following advantages:

e Like chain codes, this representation is trandlationally invariant.

e Unlike chain codes, which arelimited to 90- or 45-degree directions, we can compute tangent vectorsto accuracy
limited only by our segmentation method.

e Itis(nearly) rotationally invariant.

¢ |f we normalize by the length of the contour (i.e., thestartiss = 0 and theendis s = 1 regardless of the length),
it isscale invariant.

We are still limited when comparing curves with different starting points, but if we rotate the s axis of the ¢-s
representation and shift the ¢ axis so that the starting point is at zero, we can compare such curves.
So, an agorithm for contour matching based on -s curves might proceed as follows:

1. Calculate the v-s curve for each contour and normalize by the length.



2. For each possible starting point on the second curve, compare the first curve to the second curve starting at that
start point.

3. Sdect thelargest (best) of these matches: the strength of this best match isthe overall match between the curves,
and the starting point that gives this best match tells you the relative rotation.

Notice that if we use summation of pointwise multiplication (i.e., inner product) as the method of comparison, step
two is merely our old friend correlation.

74.7 R-SCurves

Another approach, similar to ¢-s curvesis to store the distance » from each point s to the (arbitrarily chosen) origin
of the object. By tracing r as a function of arclength s, one gets an r-s curve. Like 1)-s curves, r-s curves can be
compared in arotationally-invariant way using correlation.

7.5 Polygonal Approximation

Another method for compacting the boundary information is to fit line segments or other primitives to the boundary.
We then need only to store the parameters of these primitives instead of discrete points. This is useful because it
reduces the effects of discrete pixelization of the contour.

7.5.1 Merging Methods

Merging methods add successive pixelsto aline segment if each new pixel that's added doesn't cause the segment to
deviate from a straight line too much.

For example, choose one point as a starting point. For each new point that we add, let aline go from the start point
to the new point. Then, compute the squared error or other such measure for every point along the segment/line. If the
error exceeds some threshold, keep the line from the start to the previous point and start a new line. (See[Figure 6.12]
of your text for an example.)

If we have thick boundaries rather than single-pixel thick ones, we can still use asimilar approach called tunneling.
Imagine that we're trying to lay straight rods along a curved tunnel, and that we want to use as few as possible. We
can start at one point and lay as long a straight rod as possible. Eventually, the curvature of the “tunnel” won't let us
go any further, so we lay another rod and another until we reach the end.

7.5.2 Splitting M ethods

Splitting methods work by first drawing a line from one point on the boundary to another. Then, we compute the
perpendicular distance from each point along the segment to the line. If this exceeds some threshold, we break the
line at the point of greatest error. We then repeat the process recursively for each of the two new lines until we don't
need to break any more. Seemm your text for an example. This is sometimes known as the “fi t and split”
agorithm.

For a closed contour, we can find the two points that lie farthest apart and fit two lines between them, one for one
side and one for the other. Then, we can apply the recursive splitting procedure to each side.

7.6 Other Geometric Representations
Many other pieces of geometric information can be used to classify shapes.

7.6.1 Boundary Length

The simplest form of descriptor isthe length of the boundary itself. While this clearly doesn’t allow you to reconstruct
the shape, or even to say that much about it, it can be used as a quick test to eliminate candidates for matching.
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7.6.2 Curvature

If one differentiates the «-s curve, one gets a function that describes the curvature at every point on the contour.
Unlike the 1-s curve, this representation is rotationally invariant and can be used for matching without requiring
shifted comparison (correlation).

7.6.3 Bending Energy

If you integrate the squared curvature along the entire contour, you get a single descriptor known as bending energy.
While not as descriptive as the curvature function itself, it is also far less verbose, thus making it a good feature for
shape matching.

7.6.4 Signatures

In general, asignatureisany 1-D function representing 2-D areas or boundaries. Chain codes, differential chain codes,
1-s curves, and r-s curves are al signatures. Many other forms of signatures have been proposed in the computer
vision literature.

Section 6.2.2 of your text describes one of these other forms of signature: the distance to the opposing side as a
function of arclength s as one goes around the contour. See[Figure 6.91of your text for an example.

7.6.5 Chord Distribution

Section 6.2.2 also contains a description of a descriptor known as chord distribution. The basic ideaisto calculate the
lengths of all chords in the shape (all pair-wise distances between boundary points) and to build a histogram of their
lengths and orientations. The “lengths’ histogram isinvariant to rotation and scales linearly with the size of the object.
The “angles’ histogram isinvariant to object size and shifts relative to object rotation.

7.6.6 Convex Hulls

Yet another way of describing an object is to determine the convex hull of the object. Aswe discussed when covering
Mathematical Morphology, a convex hull is a minimal convex shape entirely bounding an object. Imagine a rubber
band snapped around the shape and you have the convex hull. We can look at where the convex hull touches the
contour and use it to divide the boundary into segments. These points form extremal points of the object and can be
used to get arough idea of its shape.

7.6.7 Points of Extreme Curvature

Another useful method for breaking a boundary into segments is to identify the points of maximum positive or min-
imum negative curvature. These extremes are where the object has exterior or interior corners and make useful key
points for analysis. Studies of human vision seem to indicate that such points also play a role in the way people
subdivide objects into parts.

7.7 Fourier Descriptors

7.7.1 Definition

Suppose that the boundary of a particular shape has NV pixels numbered from 0to N — 1. The k-th pixel along the
contour has position (zx, yx ). So, we can describe the contour as two parametric equations:

z(k) = (7.1)
y(k) = (7.2)
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Let’s suppose that we take the Fourier Transform of each function. We end up with two frequency spectra:

a:(v) = F(x(k)) (7.3)
ay(v) = F(yk)) (7.4)

For afinite number of discrete contour pixels we simply use the Discrete Fourier Transform. Remember that the
DFT treatsthe signal as periodic. That's no problem here—the contour itself is periodic, isn't it?
These two spectra are called Fourier descriptors.
You can take things one step further by considering the (z, y) coordinates of the point not as Cartesian coordinates
but as those in the complex plane:
s(k) = x(k) +iy(k) (7.5)

Thus, you get asingle Fourier descriptor which is the transform of the complex function s(k). In asense, though, this
iS unnecessary:

a(v) = F(s(k)) (7.6)
= F(z(k)+iy(k)) 7.7
= F(x(k) +iF (y(k)) (7.8)
= ay(v)+iay(v) (7.9)
= [R(a(v)) = S(ay()] +i[S (az(v)) + R (ay(v))] (7.10)

Combining things into a single descriptor instead of two is useful, but it's really only folding one descriptor onto
another using complex notation.

7.7.2 Properties

Let's consider what these spectramean. First, suppose that the spectra have high-frequency content. That impliesrapid
change in the = or y coordinate at some point as you proceed around the contour, just like high frequencies normally
mean some rapid change in the signal. What would such a contour look like? (Bumpy)

Now, suppose that the signal has little high-frequency content. Thisimplies little change in the x or y coordinates
as you proceed around the contour. What would this shape look like? (Smooth)

What happens if we low-pass filter a Fourier descriptor? Isn't this just the same as smoothing the contour? In
this way, the low-frequency components of the Fourier descriptor capture the general shape properties of the object,
and the high-frequency components capture the finer detail. Just as with filtering any other signal, though, it does so
without regard to spatial position. There are times (aswe'll see later) where this may be important.

Suppose that instead of using all & components of a(v), we only used the first m < k of them. What if we
reconstruct the shape from such atruncated descriptor? Don't we just get successively refined approximations to the
shape as we add more terms?

In this way, Fourier descriptors act much like moments: lower order terms/moments give approximate shape, and
adding additional terms refines that shape.

7.7.3 Responseto Transformations
We can use all of the properties of the Fourier transform to describe the properties of Fourier descriptors:

Trandation. If we trandate the object, we're really just adding some constant to all of the values of z(k) and y(k).
So, we only change the zero-frequency component. In fact, what do you think the zero-frequency component
tells us about the shape? (Mean position only—nothing about the shape.) So, except for the zero-frequency
component, Fourier Descriptors are trandation invariant.

Rotation. Remember from complex analysis that rotation in the complex plane by angle ¢ is multiplication by e*.
So, rotation about the origin of the coordinate system only multiplies the Fourier descriptors by e*.

| emphasize that this is rotation about the origin of the coordinate system, not rotation about the center of the
positioned shape. If we throw out the zero-frequency component (the position), the results of rotation are the
same regardless of position.



Scaling Suppose that we resize the object. That's equivalent to simply multiplying = (k) and y(k) by some constant.
As you are well-acquainted by now, that's just multiplication of the Fourier descriptor by the same constant.
(Again, we ignore the value of the zero-frequency component.)

Start Point What if we change the starting point for the contour? Isn’t this simply tranglation of the one-dimensional
signal s(k) along the k& dimension? Remember from our discussion of the Fourier Transform that translation in
the spatial domain (in this case, k) is a phase-shift in the transform. So, the magnitude part of a(v) isinvariant
to the start point, and the phase part shifts accordingly.

7.7.4 Higher-Dimensional Descriptors

Fourier descriptors have also been used to describe higher-dimensional shapes. What happens is that the domain
of the function increases from a one-dimensional % for two-dimensional images to an N — 1-dimensiona one for
IV -dimensional images.

For three-dimensional images, spherical harmonics have been used as higher-dimensional basis functions.

7.8 Shapelnvariants

Our discussion so far has focused on comparing 2-dimensional shapes. One area of significant research involves com-
paring 2-dimensional projections of 3-dimensional shapes. In other words, the question isn’t “do these 2-dimensional
shapes match?” but “could these 2-dimensional shapes be different projections of the same 3-dimensional shape?’ The
key to this research isthe notion of projective invariants—measurable properties that don’t change when projected.
Nearly al forms of invariants, whether projective or not, involveratios. By constructing ratios, even if one quantity
changes under atranformation, aslong as another quantity changes proportionally under the same transformation, their
ratio staysthe same.

7.8.1 CrossRatio

One example isthe cross-ratio. Thisinvariant relies on the property that aline in 3-space projectsto aline on aplane,
50 long as the entire line doesn't project to a single point. (Geometers refer to this as a generic property: one that
holds even under dlight perturbations. A line projecting to a point is not generic—slight perturbations make it go
away.) Four co-linear points in 3-space project to four co-linear points on the projected image. The cross-ratio of the
di stances between these points a, b, ¢, and d forms an invariant:

(a—c)(b—d)
(a—d)(b—rc)

See Figure 6.19 of your text for a graphical depiction of this.

7.8.2 Systemsof Lines

A set of four coplanar lines meeting in a point also forms an invariant, described in Eg. 6.26 in your text. Can you
think of objects you may want to recognize that involve four lines meeting in a point?

7.8.3 Conics

nvariants can a so be constructed for conic sections (circles, ellipses, parabolas, etc.) By combining straight lines and
conics, may man-made objects can be modeled. These objects can be recognized regardless of viewpoint (so long as
the curves can be seen or partially seen). [Eigure 6.21]of your text shows agood example.
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7.9 Conclusion

Notice that as we progress from one representation to another, we're basically trying to do three things:

1. distill more and more shape information from the representation
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9.1 What Are Descriptors?

In general, descriptors are some set of numbers that are produced to describe a given shape. The shape may not be
entirely reconstructable from the descriptors, but the descriptors for different shapes should be different enough that
the shapes can be discriminated.

We saw some simple examples of descriptors in our discussion of contour representations. These included the
contour length (perimeter) and the bending energy.

What qualifies as a good descriptor? In general, the better the descriptor is, the greater the difference in the de-
scriptors of significantly different shapes and the lesser the difference for similar shapes. What then qualifies similarity
of shape? Well, nobody’s really been able to answer that one yet. If we could quantify similarity of shape, we'd have
the perfect descriptor. Indeed, that's what descriptors are: attempts to quantify shape in ways that agree with human
intuition (or task-specific requirements).

Regions can either describe boundary-based properties of an object or they can describe region-based properties.
In this lecture, we focus on region-based descriptors.

9.2 Some Simple Shape Descriptors

A few simple descriptors are

Area. The number of pixels in the shape. Your text describes algorithms for calculating the area from quadtree or
chain-coding representations.

Perimeter. The number of pixels in the boundary of the shape.

(Non-)Compactness or (Non-)Circularity. How closely-packed the shape is (not): perimetarea. The most com-
pact shape is a circlef). All other shapes have a compactness larger #han
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Eccentricity. The ratio of the length of the longest chord of the shape to the longest chord perpendicular to it. (This
is one way to define it—there are others.)

Elongation. Theratio of the height and width of a rotated minimal bounding box. In other words, rotate a rectangle
so that it is the smallest rectangle in which the shape fits. Then compare its height to its width.

Rectangularity. How rectangular ashapeis (how muchit fillsitsminimal bounding box): area of object/area of bounding box.
Thisvalue has avalue of 1 for arectangle and can, in the limit, approach O (picture athin X).

Orientation. The overall direction of the shape. (I'll come back and define this more precisely later.)

9.3 Practical Considerationsfor Measuring Properties

When measuring the perimeter of an object, do we follow the pixels on the inside of the object’s boundary, the exterior
pixels just outside that boundary, or the “cracks’ between the interior and exterior pixels? Any of the three methods
can be used, and the differences go away as the object size increases—just be consistent.

Also, when measuring perimeter, does one simply count pixels? That can artificially bias diagonal edges high (if
counting 4-connected) or low (if counting 8-connected). We can do what we discussed earlier for distance measures:
count 1 pixel for 4-connected neighbors and /2 for 8-connected ones.

9.4 Topological Descriptors

If we stretch a shape like we would a cutout from a rubber sheet, there are certain shapes we can make and others we
can't. Topology refers to properties of the shape that don't change, so long as you aren’t allowed to tear or join parts
of the shape.
A useful topological descriptor isthe Euler number E: the number of connected components C' minus the number
of holes H:
E=C-H

(You should know how to use connected-component |abeling to determine the Euler number.) While the Euler number
may seem like a simple descriptor (it is), it can be useful for separating simple shapes.

9.5 Convex Hull: Bays

Although not strictly atopological property, we can a so describe shape properties by measuring the number or size of
concavities in the shape. We can do thisfirst finding the convex hull of the shape and then subtracting the shape itself.
What are |eft are either holes (“lakes”) or concavities (“bays’). This might be useful in trying to distinguish the | etter
“O” from “C”, etc. One can then recursively identify concavities within each “bay”, etc. The resulting structure is a
concavity tree.

9.6 Extremal Points

Another way to describe a shape isto find its extremal points.

The simplest form of extremal representation is the bounding box: the smallest rectangle that completely contains
the object.

A more powerful way of using extremal pointsisto find the eight points defined by: top left, top right, Ieft top, left
bottom, bottom right, bottom left, right top, and right bottom. (Obviously, some of these points may be the same.)

By connecting opposing pairs of extremal points (top left to bottom right, etc.) we can create four axis that describe
the shape. These axis can themselves be used as descriptors, or we can use combinations of them.

For example, the longest axis and its opposite (though not necessarily orthogonal axis) can be labeled the major
and minor axes. The ratio of these can be used to define an aspect ratio or eccentricity for the object. The direction of
the major axis can be used as an (approximate) orientation for the object.

How do extremal points respond to transformations?



9.7 Profiles

A useful region-based signature is the profile or projection. The vertical profile is the number of pixelsin the region
in each column. The horizontal profile isthe number of pixelsin the region in each row. One can also define diagonal
profiles, which count the number of pixels on each diagonal.

Profiles have been used in character recognition applications, where an L and a T have very different horizontal
profiles (but identical vertica profiles), or where A and H have different vertical profiles (but identical horizontal
profiles).

Profiles are useful as shape signatures, or they may be used separate different regions. A technique known as
“signature parsing” uses vertical profilesto separate horizontally-separated regions, then individual horizontal profiles
to recursively separate vertically-separated regions, etc. By aternating this process and recursively splitting each
region, one “parse” binary objects that are organized horizontally and vertically, like text on a page.

9.8 Moments

Another way to describe shape uses statistical properties called moments.

9.8.1 What Statistical Moments Are

For adiscrete one-dimensiona function f(z), we can compute the mean value of the function using
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We can a so describe the variance by
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A third statistical property, called skew, describes how symmetric the function is:
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All of these are examples of moments of a function.
One can define moments about some arbitrary point, usually either about zero or about the mean. The n-th moment
about zero, denoted asm,,,, iS
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The zeroeth moment, my, is always equa to 1. The mean p isthe first moment about zero:

my, ==

H=mq (9.5
The n-th moment about the mean, denoted as 11,, and called the n-th central moment is
Sai (@ — )" f()
¥ (9.6)
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The zeroeth central moment 1 is, again, equal to 1. Thefirst central moment 1 isaways0. (Do you see why?) The
second central moment 1o iSthe variance:

Hn =

0% = s 9.7

The third central moment p3 is the skew:
skew = 3 (9.8



The fourth central moment 14 isthekirtosis:
Kirtosis = ju4 (9.9

If we have an infinite number of central moments, we can completely describe the shape of the function. (We do,
of course, also need the mean itself to position the function).

9.8.2 Momentsof Two-Dimensional Functions

Suppose that we have a discrete function not over one variable but of two. We can extend the concept of moments by
defining the 7;5th moment about zero as

N N i
— doam1 2oy=1 Y f2,Y) 9.10)

S Yy (@)

Again, mgoo = 1. Them, isthe 2 component ;.. of the mean and my; isthey component ., of the mean.
We define the central moments as
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Similar to before, j110 = po1 = 0.

We can use these moments to provide useful descriptors of shape. Suppose that for a binary shape we let the pixels
outside the shape have value 0 and the pixelsinside the shape value 1. The moments pio¢ and p.p2 arethusthe variances
of z and y respectively. The moment 11, isthe covariance between x and y, something you may have already seenin
other courses. You can use the covariance to determine the orientation of the shape. The covariance matrix C'is

O = | H20 Hu (9.12)
M1l H02 '

By finding the eigenvalues and eigenvectors of C, we can determine the eccentricity of the shape (how elongated
itis) by looking at theratio of the eigenvalues, and we can determine the direction of elongation by using the direction
of the eigenvector with whose corresponding eigenvalue has the largest absolute value. The orientation can also be
calculated using

0 = 1 tan~ ! ﬂ

2 H20 — [02

(Note: be careful when implementing this—there is a 180-degree ambiguity in arctangents that turns into a 90-degree
ambiguity when you take half the angle. If you're coding thisin C or Java, use at an2 instead of at an.

There are many other useful ways that we can combine moments to describe a shape. Even more fundamentally,
though, we can completely reconstruct the shape if we have enough moments. But what if we don’t use enough? Well,
we can construct approximations to the shape that share these same properties. | could, for example, make a circle
with the same mean as the shape, an €llipse with the same mean and covariance, etc.

In a sense, the sequence of moments is analogous to the components of a Fourier sequence—the first few terms
give the genera shape, and the later termsfill in finer detail.

Moments have been shown to be avery useful set of descriptors for matching.

(9.13)

9.8.3 Profile Moments

A number of satistical moments for 2-d regions can be calculated from the profiles of those regions. Let’s define the
following profiles:

P, = vertica profileof f(z,y)
P, = horizonta profileof f(z,y)
P, = diagonal (45 degree) profile of f(x,y)

P, = diagonal (—45 degree) profile of f(x,y)



Hi0 = Mo

Kol = Hh
H20 =  Hov
Ho2 = Hhh
1
H11 = 5 (,Udd — Uhh — Mw)

These can then be used to derive the object orientation. Thisway of computing orientation can be much more efficient
than calculating the 2-dimensional moments directly.

9.8.4 Responseto Transformations

Finally, let's consider how moments respond to transformations.

Trandation. If wetranslate the object, we only change the mean, not the variance or higher-order moments. So, none
of the central moments affected by trandlation.

Rotation. If we rotate the shape we change the relative variances and higher-order moments, but certain quantities
such as the eigenvalues of the covariance matrix are invariant to rotation.

Scaling Resizing the object by afactor of S is the same as scaling the x and y coordinates by S. This merely scales
x — pg andy — p,, by S aswell. Hence, the n-th moments scale by the corresponding power of S™. Ratios of
same-order moments, such as the ratio of the eigenvalues of the covariance matrix, stay the same under scaling,
as do area-normalized second-order moments.

By combining moments, we can thus produce invariant moments, ones that are invariant to rotation, translation, and
scale. The methods for doing so for second-order moments are straightforward. The methods for doing so for higher-
order moments is more complicated but also possible.

Vocabulary

e Invariance
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e Concavity Tree

e Compactness
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e Orientation
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e Variance

e Skew
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e Covariance

e Covariance Matrix
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10.1 Distance Transforms (or Distance Maps)

Recall from our earlier discussions thatligtance transform or distance map assigns to each poiatin the image a
minimal distanceD(Z) from some locus of points (usually object boundaries). If we build a distance transform from
the boundary of the object, we end up with zero at the boundary, increasing values just inside it, yet higher values
farther inside, etc. Similarly, we get distances increasing as we go outward from the boundary. (A large number of
applications use a positive distance map outside the object and a negative one inside, or vice versa.)

10.1.1 Using Distance Maps
Distance maps have several applications:

¢ Interpolation

Powerful techniques have been developed for interpolating between two shapes by interpolating between their
(positive outside, negative inside) distance maps. By using the 0-set of the map as the boundary at each step in
the iteration, one can find intermediate boundaries between the two original ones. This is called interpolation
by implicit functions.

e Shape description

Distance functions can also be used to help create representations for shape. Since shape and spatial relationships
(distance) are so integrally related, this would seem to be an obvious application. One specific such application
is themedial axis, a shape representation that we’ll spend the rest of this lecture discussing.
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102 Why Medial?

All of the methods we've discussed so far can be used to differentiate between shapes, but they don’t describe the
shape well in any way that people readily understand.

The boundary- and region-based representations we've seen so far give ready access to certain parameters of the
shape but not to others. Suppose we wanted to know how wide the object is, or how many branchesit has, etc. These
are things not readily available from the boundary description. In a sense these are structural properties of the shape
that go beyond simple boundaries.

To infer larger structure from a shape requires that we be able to group together parts of the boundaries that aren’t
necessarily adjacent. For example, there is an immediacy to the way we see the two sides of an object. If we look at
telephone poll, for example, we can make immediate judgments of how thick or thin it is. We do so by pairing up the
two opposide sides and comparing them, even without having to trace completely around the object to ensure that they
are indeed part of the same contour.

Once we pair sides in this fashion, it's reasonable to start talking about object middles. These middles give
structure to the shape, allowing us to identify trunks, arms and branches, narrowing or widening sections, etc. Such
middle-related structures are called medial representations.

10.3 Blum’sMedial Axis
10.3.1 Definition

The most common form of medial representation is Blum’'s medial axis. (In later years, Harry Blum wrote that he
preferred to call it the symmetric axis, but others continue to call it the medial axis as part of the larger class of medial
representations.)

Blum’'s medial axis can be defined in afew different intuitive ways, all equivalent:

Grassfire Analogy. Consider afire started at the boundary that spreads with uniform speed and burns everything in
its path. As the fire spreads into the middle, each part eventually meets other parts of the fire started at other
parts of the boundary. When these two wavefronts meet, they quench each other because there is nothing left
for either to burn. Since the fire spreads at uniform speed, these " quench points” must be equidistant from two
different parts of the boundary. The locus of these quench pointsis the media axis.

Maximal Discs. Suppose that at each point of the boundary you placed a circle on the inside of the boundary such
that it was tangent to it. If you start with avery small circle and expand it outwards, it will eventually "bump
into” other parts of the boundary. When you've grown it as large as possible, you'll have a circle that has the
following properties:

e |tisentirely within the object, and
e |tistangent to the object at more than one point

The locus of centers of al such circlesisthe medial axis.

Ridgesin a Distance Transform. As we progress from away from a particular point on the boundary, we find in-
creasing values in the distance map until we reach a point as which we are now closer to some other part of the
boundary than the place that we left. So, the distance increases as you progress inwards until it forms aridge,
alocus of points with values higher than those just off the ridge on either side. The locus of these ridgesin the
distance transform is the medial axis.

There are, of course, various mathematical definitionsin the literature as well. They comein different forms, but they
typically correspond to one of these three intuitive definitions.
All three of these definitions can be used to construct morphological approaches to finding medial axis.

e If we strip away boundary pixels, we eventualy get down to single-pixel thin curves that cannot be safely
removed—these approximate the medial axis (grassfire or distance transform definitions).



o If wefind explictly maximal disks by using morphological openings, we can also find the skeleton. In this case,
though, we may find that because of discrete pixel locations we end up with a disconnected set of points. This
is sometimes called the morphological skeleton. Like the medial axisit can be used to reconstruct an object, but
it loses important shape information.

10.3.2 Medial Hierarchies

The medial axis is a continuous structure that may branch in places. Each branch corresponds to a different piece of
the object. It these branches that give the structural decomposition of the media axis by forming a hierarchy—each
bump on an arm of the shape is a branch of a branch.

10.3.3 RadiusValues

At each point of the media axis, we aso have a corresponding r value: the radius of the maximal disc, the distance
from the grassfire, or the distance from the distance map.

If welet s be arc length along any given segment of the axis, we have a one-dimensional function (s) along the
segment.

If % is positive, this part of the object widens as we progress along the axis segment; if it's negative the part
narrows.

10.3.4 Typesof Points

The easiest definition for which to consider the various properties of the medial axisisthe maximal-disk one. Consider
onesuch disk. Asmentioned earlier, it touches the boundary in more than one place. These points can comein different
flavors:

Two digoint sets of points. Most of the axis pointsfall into this category.
Threedigoint setsof points. These are branch points.
Exactly one contiguous set of points. These are end points.

Notice that its possible for the medial disc to touch the boundary in a set of contiguous points rather than asingle
one. In other words, the boundary islocally circular.

These sets of points don’t really change the properties of the resulting axis—it's the number of digjoint sets of
points, not the actual number of points themselves, that are important.

10.3.5 Sensitivity to Noise

Sounds great so far, right? Well, the medial axis has one problem—it is extremely sensitive to noise in the boundary.
Since the axis has a branch for each structural piece of the object, it has to spawn a new branch for each little bump
and wiggle.

The length of the new branch isn’t necessarily reflective of the significance of the variation. It must extend all the
way out to the base of the bump itself.

10.3.6 Building and Pruning Hierarchies

Because of this sensitivity to noise, many researchers have studied waysto prune the noisy tree-like structure produced
by the medial axis. Ways to do thisinclude

e Smoothing the boundary before computing the axis,

e Pairing the boundary points to the corresponding axis segments and pruning based on length of the boundary
(Ogniewicz, 1992).



By ordering the segments according to the order in which they would be pruned, you can organize them into a
top-down hierarchy.

Pruning away segments or arranging them in order of significance can (to alimited degree) let you compare similar
but slightly different objects.

10.4 Other Medial Representations

Let's consider the maximal disc in Blum's definition. As aready discussed, it touches the boundary in at least two
places.

e The center of the circle lies on the Blum symmetric axis.

e The midpoint of the chord between the two boundary points lies on Brady’s Smooth Locus of Symmetries or
SLS.

e The midpoint of the chord between the two boundary points lies on Leyton’s Process-Induced Symmetric Axis
of PISA.

Brady's SL S definition seems to be more intuitive than Blum’s because the axis really does lie directly between
the related points. It is more complex to compute, however.

Leyton’s PISA definition isn’'t quite as intuitive, but the resulting representation seems to describe the way you
have to push in or push out the boundary to produce the shape (hence the ” process-induced” in the name).

Another method, which approaches the Blum definition when taken to the continuous limit, isthe Voronoi Skeleton.
I'll come back to this later.

10.5 Computational Methods

One can use the definitions of the axis to precisely determine the medial axis of a continuous curve. There are,
however, two problems:;

1. Computational expense.
2. Thediscrete pixel grid.

For this reason, various algorithms have been produced that produce medial axes that are approximations to Blum’s.

10.5.1 Thinning

One way to find the middle of something is through the thinning process we discussed earlier. Suppose that we
successively ped away thin layers from the object, but only if they don’t get rid of single-pixel thick parts of the
remaining object. This thinning method is analogous to the grassfire definition of the medial axis. What is left from
thisthinning is a structure called a skeleton, similar in principle to the media axis.

10.5.2 Distance Maps

Another way to compute media axesisto use the distance-map definition. We can explicitly compute a distance map
and then analyze it to find ridges. This requires two steps:

1. Generate the distance map, and

2. Finditsridges.

Finding Ridges

We won't talk right now about finding ridges in functions, but we'll come back to it later when we discuss geometric
methods for local analysis of functions (images).



10.5.3 Voronoi Methods

If we distribute discrete points along the boundary and compute the Voronoi diagram for the points (the locus of all
points that are no nearer to one point than another), contained within the Vornoi diagram is a skeletal structure for the
shape. If we take this to the limit by adding more and more points along a continous contour, this VVoronoi skeleton
approaches the Blum medial axis. [Make sure to convince yourself why.]

We don't have to go to this limit, though, to get a usable skeletal structure.

10.6 Higher Dimensions

The media structure of a three-dimensional shape isn't composed of one-dimensiona curve segments but two-
dimensional manifolds within the three-dimensional space. These medial manifolds also have useful applications
for three-dimensional vision.

Vocabulary

e Distance

Distance Transform

Skeleton

o Medial Axis

Voronoi Diagram
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Reading

These notes.

11.1 Introduction

11.1.1 What Differential Geometry Is

Differential Geometry is very much what the name implies: geometry done using differential calculus. In other words,
shape description through derivatives.
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11.1.2 Assumptions of Differentiability

The first magjor assumption made in differential geometry is, of course, that the curve, surface, etc. is everywhere
differentiable—there are no sharp cornersin a differential-geometry world. (Of course, once one accepts the notion of
scaled measurements, there are no infinitely-precise corners anyway.)

11.1.3 Normalsand Tangent Planes

The first obvious derivative quantity is the curve or surface tangent. For curves, thisis a vector; for surfaces, thisisa
tangent plane. For differential geometry of 3D shapes, thereisno “globa” coordinate system. All measurements are
made relative to the local tangent plane or normal.
For images, though, we're going to use a coordinate system that defines the image intensity as the “up” direction.
Be aware that differential geometry as a means for analyzing a function (i.e., an image) is quite different from
differential geometry on general surfacesin 3D. The concepts are similar, but the means of calculation are different.

11.1.4 Disclaimer

If atrue differential geometer were to read these notes, he would probably cringe. This is a highly condensed and
simplified version of differential geometry. As such, it contains no discussion of forms (other than the Second Fun-
damental Form), covectors, contraction, etc. It also does not attempt to address non-Euclidean aspects of differential
geometry such as the bracketing, the Levi-Civita tensor, etc.

11.1.5 Notation

For this lecture, we'll use the notation common in most of the literature on the subject. This notation uses subscripts
to denote derivatives in the following fashion.

If welet L(z,y) be our image's luminance function (pixel values), the derivative with respect to « is L., and the
derivative with respect to y is L,,. In fact, we can denote the derivative of L with respect to any direction (unit vector)
vaslL,.

By extension, the second derivative with respect to « is L, the second derivative with respect to y is L,,,, and
the mixed partial (the derivative of L, with respect to i is L,,,. In general, the derivative with respect to vector @ asit
changesin direction 7 is L,,,.

11.2 First Derivatives

11.2.1 The Gradient
The primary first-order differential quantity for an image as the gradient. The gradient of afunction f is defined as

VL(z,y) = [

Notice that the gradient is a 2-D vector quantity. It has both direction and magnitude which vary at each point. For
simplicity, we usually drop the pixel locations and simply write

L.
VL:[Ly}

The gradient at a point has the following properties:
e Thegradient direction at apoint is the direction of steepest ascent at that point.
e The gradient magnitude is the steepness of that ascent.

e Thegradient direction isthe normal to the level curve at that point.



e The gradient defines the tangent plane at that point.

e The gradient can be used to calculate the first derivative in any direction:

L,=0-VL

The gradient can thus be used as auniversal first-derivative calculator. It includes all first-derivative information there
isat apoaint.

11.2.2 First-order Gauge Coordinates

One of the fundamental concepts of differential geometry is that we can describe local surface properties not with
respect to some global coordinate system but with respect to a coordinate system dictated by the local (image) surface
itself. This concept is known as gauge coordinates, a coordinate system that the surface “carries along” with itself
wherever it goes. Many useful image properties can likewise be most easily described using gauge coordinates. (More
on this later.)

The gradient direction is one of those intrinsic image directions, independent of our choice of spatial coordinate
axis. (The numbers we use to express the gradient as a vector in terms of our selected coordinate system will, of
course, change as we change coordinates, but the gradient direction itself will not.)

The gradient direction and its perpendicular constitute first-order gauge coordinates, which are best understood in
terms of the image’s level curves. An isophote isacurve of constant intensity. The normal to the isophote curveisthe
gradient direction. Naturally, the tangent to the isophote curve is the gradient perpendicular.

We denote the first-order gauge coordinates as directions v and w where

VL
w = S

IVL]|
Vo= Wy

Local properties of isophotes (image level curves) are best described in terms of these gauge coordinates.

11.3 Second Derivatives
11.3.1 TheHessian

For second-order geometry, the equivalent of the gradient is the matrix of second derivatives or Hessian:

L L

Since Ly = Ly, thismatrix is symmetric.
We can use the Hessian to calcul ate second derivativesin this way:

Lyy = u' Ho
or if we use the same vector on both sides of the matrix:
Ly, =0 Hb

In other words, it's a sort of “universal second derivative calculator”
Here's an example. The unit vector in the z direction is [1,0]7". We get the second derivative in this direction by

calculating
L L 1
onln i ]le]

Thisissimply L. We can do thiswith any unit vector in any direction.
The Hessian matrix, being real and symmetric, has a few interesting properties:



1. Itsdeterminant is equal to the product of its eigenvalues and is invariant to our selection of - and y.
2. ltstrace (sum of the diagonal elements) is also invariant to our selection of = and y.

3. Proper selection of 2 and y can produce a diagonal matrix—these are the eigenvectors of H, and the diagonal
elements are the eigenvalues.

11.3.2 Principal Curvaturesand Directions

The eigenvalues and eigenvectors of the Hessian have geometric meaning:

e Thefirst eigenvector (the one whose corresponding eigenvalue has the largest absolute value) is the direction of
greatest curvature (second derivative).

e The second eigenvector (the one whose corresponding eigenval ue has the smallest absolute value) isthe direction
of least curvature.

e The corresponding eigenval ues are the respective amounts of these curvatures.

The eigenvalues of H are called principal directions and are directions of pure curvature (no mixed partial deriva-
tive). They are always orthogonal .

The eigenvalues of H are called principal curvatures and are invariant under rotation. They are denoted «; and x-
and are always real valued.

11.3.3 Second-order Gauge Coordinates

Just as we used the gradient direction and perpendicular as first-order gauge coordinates, we can use the principal
directions as second-order gauge coordinates. These second-order gauge coordinates, like their first-order counter-
parts, are intrinsic to the image surface. They are the most useful (and most natural) coordinate system for describing
second-order properties.

We denote these second-order gauge directions (the principal curvature directions) as p and ¢. So, L,, = K1,
L,y = ko, and by convention | L,,| > |Lg,4|.

11.4 Using Principal Curvaturesand Directions

11.4.1 Gaussian Curvature

We can write the determinant of H asthe product of x; and x,. Thisquantity isthe Gaussian Curvature and is denoted
asK.

Geometrically, it too has a meaning. Suppose that you took a local patch around a point on the surface and
“sguashed” it flat. To do so, you'd have to tear the surface, because the patch has more area than its perimeter would
normally contain for aflat region. The Gaussian curvature is the amount of this “extra stuff”.

In second-order gauge coordinates, the Gaussian curvature is Ly, Lqq.

11.4.2 Mean Curvature

The mean curvature is the average of x; and x and isdenoted as H. It isalso equal to the half the trace of H, which
we earlier said was invariant to our selection of 2 and y.
In second-order gauge coordinates, the mean curvatureis (L, + L,q)/2.

11.4.3 Laplacian

The Laplacian that you learned about in CS 450 can be written as L, + L. Thisissimply twice the mean curvature
and is also invariant to rotation.



11.4.4 Deviation From Flatness

The deviation fromflatnessis L2, + L2, and is another useful way of measuring local “unflatness’.

11.45 Patch Classification
Surface regions can be classified according to their mean and Gaussian curvatures.
e Elliptic patches: K > 0. The curvature in any direction is positive.

— Convex: H >0
— Concave: H < 0. The curvaturein any direction is negative.

e Hyperboalic patches: K < 0. The curvaturesin some directions are positive and others are negative.

11.4.6 Parabolic Points

We've covered the cases for K > 0 and K < 0. If K exactly equals 0, one or both of the principal curvaturesis
0. Such points form curves on the surface known as parabolic curves. These curves naturally lie on the boundaries
between elliptic and hyperbolic regions.

11.4.7 Umbilics

Anumbilicisapoint whose principal curvaturesareequal: k1 = k. At such apoint, the eigenvectors are not uniquely
defined (the eigenspace of H isthe entire tangent plane). In other words, such a point has the same curvature in every
direction (locally spherical). Since the principal directions are not definted at an umbilic, we generally choose them to
vary smoothly through the umbilic.

11.4.8 Minimal Points

Hyperbolic regions are saddle-shaped. One specia point that can occur in such regionsis the cousin of an umbilic: a
point with equal-magnitude but opposite-sign principal curvatures. x; = —xo. Such a point is known as a minimal
point. (The name comes from minimal surfaces, the soap-bubble surfaces that form across holes by minimizing the
surface area across the film.)

11.49 Shape Classification

Jan Koenderink has proposed a “shape classification” space where each point lives in a Cartesian x; X ko plane.
However, this space can best be thought of in its polar form:

tan™! ek
K1
C = \/Kk?+ K2

where S defines the shape angle, and C' defines the degree of curvature. (Observe that C' is the square-root of the
deviation from flatness.) Points with the same S value but differing C' values can be thought of as being the same
shape but only “more stretched” .

Quadrant | of this spaceis convex, Quadrant |11 is concave, and Quadrants Il and 1V are hyperbolic. The Cartesian
axes of the space are parabolic points. At 45 and -135 degrees lie the umbilics; at 135 and -45 degrees lie the minimal
points.

S



11.5 Other Concepts
11.5.1 Geodesics

A geodesic is a path of shortest distance between two points. On a plane, geodesics are straight lines (“the shortest
path between two points is a straight line”). On a surface, though, this isn’'t necessarily true. In fact, there may be
multiple geodesics between two points. " Great circles’ on (flattened) earth maps are an example of geodesics.

11.5.2 Genericity

Points with special properties are usualy only important if they are predictable and stable instead of coincidental.
Properties that occur by coincidence go away with a small perturbation of the geometry. Consider, for example, two
lines intersecting in three-space—their intersection goes away if either line is perturbed by a small amount. Such
situations are called nongeneric.

Consider, however, the intersection of two linesin atwo-dimensional plane. If either line moves a small amount,
the point of intersection may move, but it doesn’t go away. Such situations are called generic.

11.6 Applications (Examples)

11.6.1 Cornersand Isophote Curvature

Corners are places where the isophote has high curvature. The isophote curvature can be written as

L’U’L)
Ly

R = —

Homework exercise: Using what we've talked about so far, expressthisintermsof L,, Ly, Lz, Lyy, 8d Lg,,.

11.6.2 Ridges

Ridges are an intuitively simple concept, but their mathematical definition is not well agreed upon. One definition
is that aridge is a maximum of image intensity in the direction of maximal curvature. This may be written as two
constraints:

1. L,=0
2. Ly, <0

Thisis simply the classic maximum test from calculus.
Another isthat aridge is a maximum of isophote curvature (i.e., aridge is a connected locus of isophote corners).
This can be defined as
Lyyy =0

11.7 Conclusion

The whole aim of this discussion of differential geometry on image surfacesis to introduce the notion of gauge coor-
dinates as a way of measuring invariants, quantities that do not change with arbitrary selection of spatial coordinate
systems. The following quantities are invariant to rotation:

e gradient magnitude L., (L., isaso invariant, but it's always zero)
o thefirst principal curvature L,
e the second principal curvature L,

The following quantities can be computed from these and are thus also invariant:



isophote curvature

the Laplacian
e Gaussian curvature

mean curvature

deviation from flatness

all special points such as umbilics, minimal points, ridges, corners, etc.

Vocabulary
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12.1 Introduction

The material in Sections 4.1-4.2 should be material you've already covered in CS 450. In this lecture, we'll start
covering section 4.3, which discusses both smoothing and edge detection. We'll cover smoothing only a little (since it
was discussed somewhat in CS 450) and focus primarily on edge detection.

12.2  Smoothing

In CS 450, you learned that smoothing generally involves averaging. In particular, you should have learned two linear
techniques:

e averaging multiple frames

¢ neighborhood averaging
and one non-linear technique:

e median filtering

Averaging multiple frame is an effective technique for diminishing noise, but only if you have multiple images
available for the same scene.

Neighborhood averaging, though it has the advantage of working with only a single image, has the drawback that
it also blurs the image. Several non-linear variations have been used that try to remove noise while still preserving
sharp edges. Median filtering is one of those techniques.

Your book also describes three other non-linear techniques:

e averaging with limited data validity
e averaging according to inverse gradient
e averaging with rotating mask

In each of these three techniques, the idea is the same: examine the local neighborhood to try to determine which
neighbors are part of the same region, and average only with those. This attempts to avoid averaging across object
regions, thus (hopefully) avoiding blurril%Notice that this introduces vision into image preprocessing: if you can

accurately determine which pixels are part of the same regions, you can better smooth them to remove noise while
simultaneously preserving sharpness. There are many other variations on this idea, all with the same basic motivation.

Lif you'll pardon the analogy, a colleague of mine used to refer to this as “racist pixels”: each pixel wants to be like its neighbors, but only those
that are sufficiently like it already.
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13.1 Introduction

Remember back ihLTecturd 2 that we definecedge as a place of local transition from one object to another. They
aren’t complete borders, just locally-identifialpie@babl e transitions.

In this lecture and the next, we’'ll discuss ways for detecting edges locally. To do this, we will exploit local
neighborhood operations as covered in CS 450. If you need to brush up on the basics of convolution, now would be a
good time to do so.

13.2 First-Derivative Methods

Most edge detectors are based in some way on measuring the intensity gradient at a point in the image.
Recall from our discussion of vector calculus and differential geometry that the gradient opérator

o

V= (13.1)

L Oy

When we apply this vector operator to a function, we get

o f

Vf= (13.2)

of

dy

As with any vector, we can compute its magnityidef || and orientatiorp (V f).
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e The gradient magnitude gives the amount of the difference between pixels in the neighborhood (the strength of
the edge).

e The gradient orientation gives the direction of the greatest change, which presumably is the direction across the
edge (the edge normal).

Many algorithms use only the gradient magnitude, but keep in mind that the gradient orientation often carries just as
much information.

Most edge-detecting operators can be thought of as gradient-calculators. Because the gradient is a continuous-
function concept and we have discrete functions (images), we have to approximate it. Since derivatives are linear and
shift-invariant, gradient calculation is most often done using convolution. Numerous kernels have been proposed for
finding edges, and we'll cover some of those here.

13.2.1 RobertsKernels

Since we're looking for differences between adjacent pixels, one way to find edges is to explictly use a {+1, —1}
operator that calculates I(z;) — I(%;) for two pixels ¢ and j in a neighborhood. Mathematically, these are called
forward differences:

The Roberts kernels attempt to implement this using the following kernels:

+1 +1
-1 -1
g1 g2

While these aren’t specifically derivativeswith respect to = and y, they are derivatives with respect to the two diagonal
directions. These can be thought of as components of the gradient in such a coordinate system. So, we can calculate
the gradient magnitude by calculating the length of the gradient vector:

9=1(91%f)%+ (g2 % f)?

The Roberts kernels are in practice too small to reliably find edgesin the presence of noise.

13.2.2 Kirsch CompassKernels

Another approach is to apply rotated versions of these around a neighborhood and “search” for edges of different
orientations:

3| 3| 3 3| 3|3 513|383
31 0| 3 5| 03 5|03
5|-51-5 51-5|3 513|383

Notice that these do not explicitly calculate the gradient—instead, they cal culate first-derivatives in specific directions.
By taking the result that produces the maximum first derivative, we can approximate the gradient magnitude. However,
the orientation is limited to these specific directions. These kernels make up the Kirsch compass kernels (so called
because they cover anumber of explicit directions).

13.2.3 Prewitt Kernels
The Prewitt kernels (named after Judy Prewitt) are based on the idea of the central difference:

df
gp ~ fle+1) = flz—1)]/2
or for two-dimensional images:

o i+ 1)~ 1= 1)/



This corresponds to the following convolution kernel:

[1]0[1]

(To get the precise gradient magnitude, we must then divide by two.) By rotating this 90 degrees, we get 01 /9y.

These kernels are, however, sensitive to noise. Remember from CS 450 (or from another signal- or image-
processing course) that we can reduce some of the effects of noise by averaging. Thisis donein the Prewitt kernels by
averaging in y when calculating 91 /0x and by averaging in = when calculating 01 /9y. These produce the following
kernels:

1101 -1)-1)-1
1101 o0 O
;1101 1111

/9 d/dy

(Of course, now we have to divide by six instead of two.) Together, these give us the components of the gradient
vector.

13.2.4 Sobel Kernels

The Sobel kernels (named after Irwin Sobel, now currently working for HP Labs) also rely on central differences, but
give greater weight to the central pixels when averaging:

1101 -1)-2-1
2102 00| O
;1101 1121

/9 d/dy

(Of course, now we have to divide by eight instead of six.) Together, these also give us the components of the gradient
vector.

The Sobel kernels can also be thought of as 3 x 3 approximations to first-derivative-of-Gaussian kernels. That
is, it is equivalent to first blurring the image using a 3 x 3 approximation to the Gaussian and then calculating first
derivatives. Thisis because convolution (and derivatives) are commutative and associative:

0 0
%(I*G)—I*%G

Thisisavery useful principle to remember.

13.2.5 Edge Extraction

Most edges are not, however, sharp dropoffs. They're often gradual transitions from one intensity to another. What
usually happens in this case is that you get a rising gradient magnitude, a peak of the gradient magnitude, and then
afalling gradient magnitude. Extracting the ideal edge is thus a matter of finding this curve with optimal gradient
magnitude. Later, we'll discuss ways of finding these optimal curves of gradient magnitude.

13.3 Second-Derivative M ethods

There are other operators that try to find these peaks in gradient magnitude directly.
Let's first consider the one-dimensional case. Finding the ideal edge is equivalent to finding the point where the
derivative is a maximum (for arising edge with positive slope) or aminimum (for afalling edge with negative slope).
How do we find maxima or minima of one-dimensional functions? We differentiate them and find places where
the derivative is zero. Differentiating the first derivative (gradient magnitude) gives us the second derivative. Finding
optimal edges (maxima of gradient magnitude) isthus equivalent to finding places where the second derivative is zero.



When we apply differential operators to images, the zeroes rarely fall exactly on a pixel. Typicaly, they fall
between pixels. We can isolate these zeroes by finding zero crossings. places where one pixel is positive and a
neighbor is negative (or vice versa).

One nice property of zero crossings is that they provide closed paths (except, of course, where the path extends
outside the image border). There are, however, two typical problems with zero-crossing methods:

1. They produce two-pixel thick edges (the positive pixel on one side and the negative one on the other, and
2. They can be extremely sensitive to noise.

For two dimensions, there is a single measure, similar to the gradient magnitude that measures second derivatives.
Consider the dot product of V with itself:

0 9
ox ox

co - [F[F]
dy

(13.4)
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We usually write V - V as V2. It has special name and is called the Laplacian operator.
When we apply it to afunction, we get

0 0
ox ox
5 >
2 2
- % Ft aa—y2 f (13.7)

One interesting property of the Laplacian isthat it is rotationally invariant—it doesn’t depend on what directions
you choose, so long as they are orthogonal. The sum of the second derivatives in any two orthogonal directionsisthe
same.

We can find edges by looking for zero-crossings in the Laplacian of the image. Thisis called the Marr-Hildreth
operator.

Let’s now turn our attention then to neighborhood operators for measuring the Laplacian.

13.3.1 Laplacian Operators

One way to measure the second drivative in one dimension is to extend the forward-differencing first-derivative oper-
ator to the forward difference of two forward differences:

[flz+1) = f(@)] = [f(2) = flz—1)]
fla+1)=2f(z) + flz - 1) (139)

d*f

dz?
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We can thus use a simple [1, —2, 1] neighborhood operator to approximate the second derivative in one dimension.
The Laplacian is one of thesein the x direction added to one of these in the y direction:

0| 0|0 0| 1|0 0| 1/0
12|12 + (0|-2|0] = |1]|4|1
0| 0|0 0| 1|0 01 1/0

Other variations include the following:



05| 00|05 05| 10|05 11 1)1
10| -40 10| + 00| -40|00| = 11-8]1
05| 00|05 05| 10|05 1111
or
11-2]1 1111 2|1-1] 2
1|21 + |-2|-2|-2| = 14| -1
11-2]1 1111 2|-1] 2

As mentioned earlier, zero crossings of this operator can be used to find edges, but it is susceptible to noise. This
sensitivity comes not just from the sensitivity of the zero-crossings, but also of the differentiation. In general, the
higher the derivative, the more sensitive the operator.

13.3.2 Laplacian of Gaussian Operators

One way to deal with the sensitivity of the Laplacian operator is to do what you'd do with any noise: blur it. Thisis
the same philosophy we saw earlier with the Sobel kernels for first derivatives.

If wefirst blur an image with a Gaussian smoothing operator and then apply the Laplacian operator, we can get a
more robust edge-finder.

But why go to al the trouble? Convolution is associative and commutative, so we can combine the Gaussian
smoothing operator with the Laplacian operator (by convolving them one with another) to form a single edge-finding
operator.

But this is till too much work. Instead of approximating the Laplacian operator with forward differencing and
then applying it to a Gaussian, we can simply differentiate the Gaussian

G(z,y) = e~ /207 (13.9)

(wherer? = 22 + y?) to get a closed-form solution for the Laplacian of Gaussian:

2

—_ 2 2 2
V2G(z,y) = (r 40 )e_r /20 (13.10)

g

We can then approximate this over a discrete spatial neighborhood to give us a convolution kernel.

But wait! There's an even better way. We can not only calculate the closed-form solution for a Laplacian of
Gaussian, we can compute its Fourier Transform. We know that the Fourier Transform of a Gaussian is another
Gaussian, and we &l so know that we can differentiate using aramp function (27iv,, or 27iv,) in the frequency domain.
Multiply together the spectrum of the image, the Fourier Transform of a Gaussian, and two differentiating rampsin the
one direction and you have a second-derivative of Gaussian in one direction. Do the same thing in the other direction,
add them together, and you have the Laplacian of Gaussian of the image. (See, that Fourier stuff from CS 450 comes
in handy after all.)

13.3.3 Difference of Gaussians Operator

It can be shown that the Laplacian of a Gaussian is the derivative with respect to 202 of a Gaussian. That is, it is the
limit of one Gaussian minus a just smaller Gaussian. For this reason, we can approximate it as the difference of two
Gaussians. Thisis called the Difference-of-Gaussians or DoG operator.

Also appearing in the literature is the Difference-of-LowPass filters or DoL P operator.



13.4 Laplaciansand Gradients

Zero-crossings of Laplacian operators only tell you where the edge is (actually where the edge lies between), not
how strong the edge is. To get the strength of the edge, and to pick which of the two candidate pixels is the better
approximation, we can look at the gradient magnitude at the position of the Laplacian zero crossings.

13.5 Combined Detection

If one operator works well, why not use several? This seems like a reasonable thing to do, but the way to do it
is nontrivial. We won't go into it in class, but understand that it is trying to combine information from multiple
orthogonal operators in a vector space and then project the results to the " edge subspace”.

13.6 The Effect of Window Size

The results you get witha 3 x 3,5 x 5, or 7 x 7 operator will often be different. What is the correct window size?
WEell, there isn’t one standard one that will work under every circumstance. Sometimes you have to play with it for
your application. Smart vision programs will often use multiple windows and combine the resultsin some way. We'll
talk about this notion more in the next lecture.

Vocabulary

e Gradient

e Gradient magnitude

o Gradient orientation

e Roberts edge detector

e Prewitt edge detector

e Sobel edge detector

e Kirsch compass gradient kernels
e Laplacian

e Laplacian-of-Gaussian

o Difference-of-Gaussians

e Marr-Hilbert edge detector
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14.1 Second-Derivative Zero Crossings and Gradient Magnitude

One caution should be added to our discussion of zero-crossings of second derivatives (e.g., the Laplacian) as an edge
detector. Remember that the idea is to use zeroes of second derivatives to indicate maxima of gradient magnitude. The
problem is that this doesn’t include any notionhoiv strong that maximum is. In other words, even a small blip in

the gradient magnitude is labelled an edge. We can remedy this by combining second- and first-order derivatives. In
other words, an edge can be defined as places where

Vif=0andVf>T

Of course, now we lose one of the greatest virtues of zero crossings: their continuity. One way to deal with such
breaks in continuity is to slowly drop the threshold in places where there is clearly a break. Your text refers to this as
hysteresis thesholding. In other contexts, it is sometimes knownegige rel axation.

14.2 Scale Space

Section 4.3.4 briefly introduces the notion ok@le space. This is the space of measurements that you get after
blurring an image by successively larger and larger Gaussian kernels. The essential idea of scale spaces is this:

1. Itis impossible to make an infinitely small measurement—all measurements of the physical world involve an
aperture.

2. The size of the aperture affects the measurement.

3. In a sense “information” exists at different aperture scales.

4. To extract information at different scales, you must measure at those scales (or simulate such).
5. Smaller (“ more precise”) apertures don’t necessarily produce more information than larger ones.

In a sense, what we've been doing all along by blurring images to smooth away noise is to make measurements
at large scales (with larger apertures). By doing so, we get above the scale of noise and try to make measurements at
scales more natural for the objects in the image. Of course, if the objects are small relative to the noise (or the noise is
large relative to the objects of interest), we can’t separate them.
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Moral: Choose theright scale for the information you're trying to extract.

We will come back and talk about thisideamorein Lecture 22. For now, it is sufficient to think only about some edges
being more accurately detected at scales larger than single-pixel changes. Thisidea, plus another important one from
differential geometry, isillustrated in the following edge detection algorithm.

14.3 Canny Edge Detector
14.3.1 Basic Definition

One problem with Laplacian zero-crossings as an edge detector is that it is simply adding the principal curvatures
together—it doesn’t really determine a maximum of gradient magnitude.

The Canny Edge Detector defines edges as zero-crossings of second derivatives in the direction of greatest first
derivative.

Let’'s examine each of the parts of this definition:

The Direction of Greatest First Derivative Thisissimply thegradient direction (w in first-order gauge coordinates).

The Second Derivativein The Direction of ... We can compute this using the matrix of second derivatives (Hes-
sian):
L,=4"Hu

Zero Crossings of... Aswiththe Marr-Hildreth edge detector, we' |l use positive-negative transitionsto “trap” zeroes.

Thus, in gauge coordinates, the Canny detector is
Lyw =0

Interms of z and y derivatives, this can be expanded to

1 L L L
L§+L§[ y]{LW Lyy][Ly} ()

Zero-crossings in this measure give connected edges much like the Laplacian operator but more accurately localize
the edge.

14.3.2 Scale and the Canny Operator

The Canny algorithm also makes use of multiple scalesto best detect the edges. In particular, it uses Gaussian blurring
kernels of varying sizes {o}} and selects the one that is most stable. The selection of the best scale at which to make
the measurement is the subject of much research, including current research.

Your text writes this as 5
where g denotes the image, = denotes the edge normal (the gradient direction), and G denotes a Gaussian blurring
kernel. Remember, though, this can be rewritten as

on 9=
Thisisanice, compact notation, but remember that 72 is also determined from the blurred image G * g. This notation
also leaves out the detailsin Eq.[14.1]
If we use Eq.[14.1}o determine the edges, we can use Gaussian blurring by measuring each of the five derivatives
in Eq.[14.1lusing derivatives-of-Gaussians of the appropriate standard deviation.



14.3.3 TheAlgorithm

Your text describes the algorithm in this way [my comments added]:

1
2.

Repeat steps (2) till (6) for ascending values of the standard deviation o.

Convolve an image g with a Gaussian of scale o.
[Remember that this step is not explicitly necessary—simply convolve with derivatives of Gaussians when
performing differentiation.]

Estimate local edge normal directions 7 using equation (4.61) for each pixel in the image.
[Remember: 7 isthe gradient direction.]

Find the location of the edges using equation (4.63) (non-maximal suppression).
[i.e., find the zero crossings]

Compute the magnitude of the edge using equation (4.64).
[i.e., compute the gradient magnitude as well]

Threshold edges in the image with hysteresis to eliminate spurious responses.
[Threshold the gradient magnitude as discussed in Section [[4.Tlearlier in this lecture)]

Aggregate the final information about edges at multiple scale using the ‘feature synthesis’ approach.
[Select the “best” scale.]

Vocabulary

e Scale space

e Canny edge detector
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15.1 Introduction

Today we’ll start talking about how to group isolated edge points into image structures. We’'ll come back later to talk
about edge thresholding, edge relaxation, edge linking, and optimal edge determination using graph searching. All of
these require some continuous path of edge pixels, nearby edge pixels, or edge-cost information.

The technique we'll be talking about today, called Haigh Transform, doesn’t require connected or even nearby
edge points.

15.2 Hough Transform: Basic Algorithms

15.2.1 Parametric Representations of Primitives

Let’s first talk about finding edges that we know are straight lines. Consider a single isolated edde poirtthere
could be an infinite number of lines that could pass through this point.
Each of these lines can be characterized as the solution to some particular equation. The simplest form in which
to express a line is th&ope-intercept form:
y=mx—+b (15.2)
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where m is the dope of the line and b is the y-intercept (the y value of the line when it crosses the i axis). Any line
can be characterized by these two parameters m and b.

We can characterize each of the possible lines that pass through point («x, ) as having coordinates (m, b) in some
dlope-intercept space. In fact, for all the lines that pass through a given point, there is a unique value of b for m:

b=y—mz (15.2)

The set of (m, b) values corresponding to the lines passing through point (x, y) form alinein (m, b) space.
Every point in image space (z,y) corresponds to aline in parameter space (m, b) and each point in (m, b) space
corresponds to aline in image space (z, y).

15.2.2 Accumulators

The Hough transform works by letting each feature point (z,y) vote in (m, b) space for each possible line passing
through it. These votes are totalled in an accumulator.

Suppose that a particular (m, b) has one vote—this means that there is a feature point through which this line
passes. What if it has two votes? That would mean that two feature points lie on that line. If a position (m, b) in the
accumulator has n votes, this means that » feature points lie on that line.

15.2.3 TheHough Transform Algorithm

The algorithm for the Hough transform can be expressed as follows:

=

Find all of the desired feature pointsin the image.
For each feature point
3. For each possibility ¢ in the accumulator that passes
through the feature point
Increment that position in the accumulator
Find local maxima in the accumulator.
If desired, map each maximain the accumulator
back to image space.

N

ook

Algorithm 15.1: Hough transform algorithm

For finding lines, each feature point casts aline of votes in the accumulator.

15.2.4 A Better Way of Expressing Lines

The dlope-intercept form of aline has a problem with vertical lines: both m and b are infinite.
Another way of expressing alineisin (p, §) form:

xcosf + ysinf =p (15.3)

One way of interpreting thisis to drop a perpendicular from the origin to theline. 6 isthe angle that the perpendicular
makes with the z-axis and p isthelength of the perpendicular. 6 isbounded by [0, 2] and p isbounded by the diagonal
of theimage.

Instead of making lines in the accumulator, each feature point votes for a sinusoid of points in the accumulator.
Where these sinusoids cross, there are higher accumulator values. Finding maximain the accumulator still equates to
finding the lines.



15.25 Circles

We can extend the Hough transform to other shapes that can be expressed parametrically. For example, a circle of
fixed radius can be described fully by the location of its center (x, y).

Think of each feature (edge) point on the circle as saying, "if I'm on the circle, the center must be in one of these
places’. It turns out that the locus of these votesisitself acircle.

But what about circles of unknown size? In this case, we need athird parameter: theradius of thecircle. So, we can
parameterize circles of arbitrary size by (z,y,r). Instead of casting votesin acircular pattern into a two-dimensiona
accumulator, we cast votesin circles of successively larger sizein athree-dimensional accumulator.

15.2.6 More Complicated Shapes

We can extend the Hough transform to find shapes of arbitrary complexity, so long as we can describe the shape with
some fixed number of parameters. The number of parameters required to describe the shape dictates the dimensionality
of the accumulator.

15.3 Implementation Details and Variations

15.3.1 Different Orientations

For the line-matching Hough Transform, the orientation of the line is one of the parameters. For the circular form of
the transform, orientation is unnecessary. For other methods, you can choose whether or not to use orientation as one
of your parameters.

If you don’t use an orientation parameter, you will only be able to find matches in a specific orientation.

If you do include an orientation parameter, you’ll have alarger-dimensional accumulator, but you'll be ableto find
matches in various orientations (as many as you want to discretely parameterize).

15.3.2 Using Gradient Orientation

The basic Hough transform can be made more efficient by not allowing feature (edge) points to vote for al possible
parametric representations but instead voting only for those whose representation is consistent with the edge orienta-
tion. For example, instead of casting votes for al lines through a feature point, we may choose to vote only for those
with orientation 6 intherange ¢ — a < 0 < ¢ + a where ¢ isthe gradient orientation. We can take this idea further
by weighting the strength of the vote by some function of |6 — ¢|.

15.3.3 Discrete Accumulator

This discussion is all well and good for continuous parameterizations, but we need to discretize the parameter space.
The granularity with which we discretize the accumulator for the parameter space determines how accurate we'll be
able to position the sought-after target.

15.3.4 Smoothing the Accumulator

Because of noise, discretization of the image and accumulator, and factors inherent in the application itself, we some-
times want to alow a little tolerance in the fitting of lines or other shapes to the edge pixels. We can do this by
allowing afeature point to vote note just for asharp line or curve in the accumulator, but to cast fuzzy votes for nearby
possibilities. In essence, this votes not just for all lines or other shapes that pass through the feature point but also for
those that pass close by.

This casting of votes for nearby possibilities can be done directly during the voting phase of the transform or
afterwards through a post-processing blurring of the accumulator. The way in which you blur the accumulator depends
on what nearby possibilities you want to allow.



15.3.5 Finding Relative Maxima in the Accumulator

If you're just looking for one thing, simply pick the largest value in the accumulator and map it back to the image
space. If you're looking for other shapes, you need to find all relative maxima.

As afurther test, you may want to threshold the maxima that you find by the number of points that voted for it.
Relative maxima with few votes probably aren’t real matches.

You'll find that this part isthe real trick of getting the Hough transform to work.

15.3.6 Grey-level Voting

The discussion so far has been of binary feature points casting binary votes. A more effective way of doing thisisto
use the full range of grey-level feature detection (i.e., gradient magnitude) and cast votes proportional to the strength
of the feature.

15.4 Comparison to Template Matching

Of course, one could also use template matching (correlation) to find lines, circles, etc. However, for an N x N image
and and M x M template, the computational complexity is O(N?M?).

The Hough Transform, by matching only image edge points to target contour points, requires much less computa-
tion. In particular, the number of edge points goes up only linearly with N, not by N2. Likewise with the number of
target contour points. Thus, the complexity of the Hough Transform isonly O(N M).

15,5 The Generalized Hough Transform

Some shapes may not be easily expressed using a small set of parameters. In this case, we must explicitly list the
points on the shape.

Suppose that we make atable that contains al of the edge pixels for our target shape. We can store for each of the
pixelsits position relative to some reference point for the shape. We can then feature point "think” as follows: "if I'm
pixel ¢ on the boundary, the reference point must be at ref[i].”

Thisis called the Generalized Hough Transform and can be expressed as follows:

Find all of the desired feature pointsin the image.
For each feature point
For each pixel 7 on the target’s boundary
Get the relative position of the reference point from ¢
Add this offset to the pisition of ¢
Increment that position in the accumulator
Find local maxima in the accumulator.
If desired, map each maxima in the accumulator back to image
space using the target boundary table

©ONoOGAWDNE

Algorithm 15.2: Generalized Hough transform a gorithm

We can make this more efficient by incorporating the idea from Section[15.3.2] We can build a table that records
for each point with edge tangent orientation # the direction « and distance r to the reference point. Thus, when we
find a point with edge tangent orientation 6, we have to vote only in the direction of r, «. Of course, depending on the
complexity of the shape, there may be multiple such points with tangent orientation #. We thus build our table to store
(and vote for!) al such points:



Thisiscalled an R-table.

15.6 Refining the Accumulator

In the Hough transform, feature points vote for all possibilities through that point. This can cause unwanted clutter in
the accumulator and false matches.

A way to deal with thisis to do a second voting phase. In this phase, each point examines the locus of pointsin
the accumulator that it voted for and finds the maximum. It then casts a single vote into a second accumulator only
for this maximum. In other words, it sees where there is agreement with its neighbors and then goes along with the
crowd. Gerig (1987) has shown that this removes this unnecessary clutter and leadsto only afew isolated pointsin the
accumulator.

As another approach, suppose that after we find the global maximum we remove all votes cast by feature points on
or near the corresponding match in the image space. We can then continue the process by looking for the next largest
globa maximum, remembering it, and removing the votes from its points.

Vocabulary
e Hough Transform
e Accumulator

e Generalized Hough Transform
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16.1 Introduction

In earlier lectures, we discussed how to identify possible edge pixels. However, these tests are made one-by-one and
don’t necessarily produce closed object boundaries because of noise, intensity variation, etc. As we discussed in the
last lecture, there are many techniques for extracting closed contours given isolated potential edge pixels.

Fitting approaches, such as the Hough transform, don’t need to connect the edge pixels because they try to find the
best fit of aknown shape to the edge data. Such approaches are useful for many applications where the general shape
(though not its exact position and other parameters) are known ahead of time. In many applications, you don’t know
the general shape ahead of time, and you thus need to find connected sets of edge pixels explicitly.

In this lecture, we'll start talking about how to link sets of possible edge pixels to find connected boundaries. (In
other words, we'll start playing connect-the-dots.)

16.2 Gradient-Magnitude Thresholding

As we have mentioned previously, a common step in edge detection is to follow the gradient operator by a magnitude
thresholding operation.

[ 1 if||Vf(z,y)| > T for some threshold
Ew,y) = { 0 otherwise

We'll call {(z,y) : E(z,y) = 1} the set ofedge pixels.
Thresholding the gradient magnitude leaves only “strong” edges, but it makes no guarantees of continuity. Your
text discusses two general techniques for getting around this problem.

(16.1)

e thresholding with hysteresis
e edge relaxation

Both of these really fall in to the broader category of “relaxation algorithms”: ones in which you make an initial
tentative labeling or decision then “relax” the categorizatiaged on what you' ve already tentatively decided. The
goal is to come up with a globally consistent decision or set of labels.
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16.3 Thresholding with Hysteresis

Hysteresis generally refers to the way certain systems tend to stay consistent under gradually changing conditions.
They may change from one state to another, but only after alarge amount of change-they tend not to fluctuate mildly
under small changes.

Thresholding with hysteresis uses two thresholds:

[V f(z,y)|| >t definitely an edge
to > [[Vf(z,y)|]| <t: maybe an edge, depends on context
IVf(z,y)|| <to definitely not an edge

Theideaistofirst identify all definite edge pixels. Then, add al “maybe’ pixels (those greater than ¢y) only if they are
next to an already-labeled edge pixel. This processis repeated until it converges.

16.4 Local Processing: Edge Relaxation

A process similar to thresholding with hysteresisis edge relaxation.

The idea of edge relaxation is not not simply add pixels if they are next to other edge pixels but to consider the
context as well.

Let's consider this question of whether or not a pixel between two sets of edge pixelsisitself an edge pixel. One
way of determining thisisto look at the magnitude of the intervening pixel: if it is relatively high, but less than the
threshold used to determine that its neighbors are edge pixels, it's probably an edge. Of course, we can also check the
similarity of the gradient magnitude and gradient orientation, just like we did with edge linking.

We can also use this not just to interpolate between edge pixels, but to extrapolate from them as well. Suppose
that we have two adjacent edge pixels followed my a dlightly sub-threshold one (with similar gradient magnitude and
orientation). Again, it'slikely that thisisreally an edge pixel.

We can add these possible pixels to the set of edge pixels and repeat the process. Supposing that these are now
really edge pixels, there may be other near-misses that we might want to allow as edge pixels.

In asense, we are successively relaxing the criteria used to determine edge pixels, taking into account not just the
properties of the pixel in question but of its neighbors aswell. This processis called edge relaxation.

In general, the term relaxation applies to any technique such asthisthat iteratively re-evaluates pixel classification.

16.5 Local Processing: Edge Linking

One way to find connected sets of edge pixels, without having to explicitly first identify which are or are not edgesis
to trace from pixel to pixel through possible edge points, considering as you go the context along the path.
We can link adjacent edge pixels by examining each pixel-neighbor pair and seeing if they have similar properties:

1. Similar gradient magnitude: | ||V f(z,y)|| — [|Vf(2,y")|| | < T for some magnitude difference threshold 7'.
2. Similar gradient orientation | ¢(V f(z,v)) — ¢(Vf(2',y")) | < A for some angular threshold A.

Once the links are established, we take sets of linked pixels and use them as borders.

Notice that unless you constrain the linked pixels in some sense (for example, by scanning along horizontal or
vertical lines), these can create clusters of linked pixels rather than long single-pixel thick chains.

Edge linking is usually followed by postprocessing to find sets of linked pixels that are separated by small gaps—
these can the befilled in.

Aswe |l seelater, this edge-linking idea can be extended further by considering the set of possible edges asagraph
and turning it into a minimum-cost graph searching problem.

16.6 Boundariesof Already-Segmented Regions

In some cases, we may already have an image segmented into regions for which we want to calculate boundaries. In
this case, we can simply generate the boundaries by tracing around the region contours. We can do this two ways:



e Trace once around each contour in the image. When we finish tracing one contour, scan the image until we run
into another.

e Make one pass through the image, using data structures to keep track of each contour and adding pixels to the
appropriate contour as encountered.

Thefirst method is far more common, because you can simply trace each border one by one.

Your text gives anumber of algorithmsfor tracing borders, and they’re fairly easy to understand. Think of them as
walking around the object with your hand on one wall. The agorithms for tracing these borders are pretty much the
same asyou'd use if you were in adark room tracing along awall and around corners.

These agorithms include tracing either the inner border or the outer border. However, tracing the inner borders
means that the borders of two adjacent regions do not share the same pixels (they are adjacent). Likewise, tracing
the outer borders means that the border of one object is inside the border of an adjacent object. To get around these
problems, a hybrid method known as extended borders has been devel oped.

Extended borders basically use inner borders for the upper and left sides of the object and outer borders for the
lower and right sides. By doing this, one object’s border is the same as the shared border with the adjacent object.
(It also has the nice property of being closer in perimeter to the actual shape, thus avoiding the inner-perimeter/outer-
perimeter ambiguity we talked about earlier.) The algorithm for extended border extraction is similar to those for inner
or outer borders, but you basically keep track at each stage of where the object is relative to you (above or below, left
or right).
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17.1 Global Processing: Graph Searching

Suppose that instead of finding clusters of linked edge pixels we want to find single-pixel thick curves for object
boundaries.

One way to do this is to consider the image as being a graph where the vertices of the graph are the pixel corners
and the edges of the graph are the pixel cracks. We can then use gradient or other edge-detecting operators to assign
costs to each edge. Edge-like cracks would have low costs; cracks that do not look like edges would have high cost.
The problem of finding an optimal boundary through as set of possible pixels thus becomes a simple minimal-cost path,
graph-searching problem. (And of course, you should all know how to find minimum-cost paths through graphs.)

There are four basic subparts to this problem:

1. How to contruct the graph,

2. How to assign costs,

3. How to choose starting and ending points, and
4. How to find the minimum-cost path.

Let’s take a look at an example before we discuss each of these four in more detail.

17.1.1 Example: Top-to-Bottom Scan
Graph Formulation

As an example, let's consider the case where we know that the boundary runs from the top to the bottom of some

subset of the image without looping backwards. We can thus build a starting node representing the top of the image.
The edges proceeding out from this node are all vertical cracks on the top row of the image. For each of these edges,
successors include the corresponding vertical crack on next row, the horizontal crack to the left, and the horizontal

crack to the right. Each of these has successors that go down vertically or sideways horizontally. Eventually, we get to

the bottom row of the image where all paths lead to the end node.
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Cost Function

In this simple case, we can let the cost of the edge along the crack between pixels p and ¢ be

c(p,q) = Imax — |1(p) — I(q)| (17.1)
where fmax is the maximum pixel value. Remember that we're trying to trying to trace between the inside (one
intensity) and the outside (presumably ancther intensity) of an object.

Starting/Ending Points
In this case, selecting the starting and ending nodes is easy—they’re simply the top and bottom of the image.

Graph Searching

The following is an agorithm for finding the minimum cost path.

Let g(n) bethe cost from the start point to point n.
Let h(n) be an estimate of the cost from n to the end point.
Letr(n) = g(n) + h(n)

1. Mark the start point s as open and set g(s) = 0.
2. Inno node is open, exit with afailure; otherwise continue.
3. Mark closed the open node n whose estimate r(n) isthe smallest.

4. If n isthe end point, the least-cost path has been found—the least-cost path can be found by following the
pointers back from n to s.

5. Expand node n by generating all of its successors.

6. If asuccessor n; isnot marked, set
g(ni) = g(n) + c(n, ni)
mark it as open, and direct pointers from it back to 7.

7. If asuccessor is aready marked, update the cost:
g(n;) = min(g(n;, g(n) + c(n,n;)
and set the pointer for n; to n. Mark as open those successors that were so updated.

8. Go back to step 2.

Algorithm 17.1: Simple graph-searching algorithm
(We'll work through thisin class to show how it works).

17.2 Graph Formulation

Suppose that we know roughly where the boundary lies or some other information that constrains the location of the
boundary. One such case is the example we just used.

The exampleis obviously asimple case, but we can do similar things for more complicated cases. If we know that
the boundary goes around the object with a monotomically increasing radial angle (i.e., it may move towards or away
from the center as it goes around, but it never doubles back as one sweeps around), we can construct a constraining



band around the potential boundary. We can also construct our graph so that it at each stage it sweeps radially around
theimage, but can vary in radial distance.

Both of these formulations give us discrete multistage graphs, either aswe move from row to row or radially around
the boundary. Sometimes, though, we may want to allow the graph to curve and wind, passing through possibly any
pixel. In such aformulation, we can allow unoriented edges along any pixel crack in the image. In other words, an
N x N imagewouldhave N —1 x N — 1 nodesand N — 1 x N — 1 edges. Our search could be between any two
vertices and could trace through any of the edges. Thisis obviously a huge graph and a compute-intensity search.

17.3 Cost Functions

The cost function in the example uses only asimple 2-element mask. Better cost functions can be constructed by using
e better gradient operators,
e gradient orientation,

e other edge-determining operators such as Laplacian zero-crossings. (Remember that this gives you the position,
not the magnitude of the edge—we can use it as a cost function by giving lower coststo pixels closer to the zero
Crossings.)

All of the above possible cost functions are based on the image data, not properties of the boundary curveitself. If
we want smoother contours, we can add more cost for paths that would cause greater curvature.

Cost properties based on image data are called external cost terms; cost properties based on the boundary curve
are caled internal cost terms. Notice that internal cost for an edge is not fixed—it depends on the curve preceding the
edge.

17.4 Selecting Start/End Points

There are three common ways to select starting and ending points:
e Use some known special points.
e Find"landmark” points—ones that have certain special geometric properties.
e Ask theuser.

One important property of the starting and ending points is that thier selection shouldn’t dramatically change the
result. While this sometimes happens, it is not a good thing.

17.5 Graph Searching

Finding minimum-cost paths is avery old and well-studied topic in Computer Science. Common ways include:
e Exhausting searching. (Yuck!)
e Greedy algorithms
e Expansion-style algorithms
e Expansion with heuristic algorithms for pruning
e Dynamic programming

Notice that all of these involve optimization. This is a recurring throughout segmentation and other parts of
Computer Vision: set up the solution as the optimization of some criteria-evaluation function.



175.1 Greedy Algorithms

Greedy algorithms attempt to get the most at each step. Simple pixel-by-pixel linking by taking the best successive
edge would be one such greedy algorithm.

17.5.2 Expansion Algorithms

The algorithm discussed earlier in the example (and in your book) is an expansion-based one. The ideaisto grow the
search outwards looking for optimal additions to each path. When we finally get a path that |eads to the end point, it
is guaranteed to be optimal. One such method is Dijsktra’s algorithm.

17.5.3 Expansion with Heuristicsfor Pruning

If we can estimate using some type of heuristics (guesses) what the remainder of a past might cost, we can prune
unproductive paths. These might miss optimal paths through indiscriminate pruning, but it has been shown that if the
heuristic is truly alower bound on the remaining cost (though not necessarily exact), this finds the optimal path. An
example of this isthe one shown in Algorithm[17.1] The classic paper on using heuristic graph-searching methods for
boundary finding is Martelli, 1976.

17.5.4 Dynamic Programming

Suppose that the graph has several discrete stages through which the paths must go. It can be shown that we can
find the optimal path by finding the optimal path from the start to each node in the first stage, from each node in
the first stage to the second, and so forth. The optimal path from the start to the second stage is the one whose sum
from the start to the first stage plus the first to the second stage is minimal. This type of algorithm is called dynamic
programming.

17.6 Global vs. Local Methods

This lecture highlights one recurring theme in Computer Vision: local processing vs. global processing. Sometimes
we can use strictly-local processing, but we may miss more general propertiesin the image. We may also use strictly-
globa methods, but while they might optimize some global criteria they may not seem like ideal solutions when
viewed locally. This balance between both local and global optimization is one we' |l see frequently in this course.

Vocabulary
e Graph-based contour following

Cost function

Greedy algorithm

Heuristic graph searching

Dynamic programming
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18.1 Introduction

We now turn from segmentation by finding boundaries (pixel differences) to segmentation by finding coherent regions
(pixel similarities).
This approach has specific advantages over boundary based methods:

e It is guaranteed (by definition) to produce coherent regions. Linking edges, gaps produced by missing edge
pixels, etc. are not an issue.

e It works from the inside out, instead of the outside in. The question of which object a pixel belongs to is
immediate, not the result of point-in-contour tests.

However, it also has drawbacks:

e Decisions about region membership are often more difficult than applying edge detectors.
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e It can’t find objects that span multiple disconnected regions. (Whereas edge-based method can be designed to
handle “gaps’ produced by occlusion—the Hough transform is one example.)

The objectives of region-based approaches can be summarized as follows:
e Produceregionsthat are as large as possible (i.e., produce as few regions as possible).
e Produce coherent regions, but allow some flexibility for variation within the region.

Notice the inherent tradeoffs here. If we require that the pixels in a region be too similar, we get great coherency
and probably won't span separate objects, but we oversegment the image into regions much smaller than the actual
objects. If we allow more flexibility, we can produce larger regions that more likely fill entire objects, but they may
cross multiple objects and “leak” across what should otherwise be boundaries. Remember: the real goal is to find
regions that correspond to objects as a person sees them—not an easy goal.

18.2 Basic ldea of Region Growing

Suppose that we start with asingle pixel p and wish to expand from that seed pixel to fill acoherent region. Let'sdefine
a similarity measure S(i, j) such that it produces a high result if pixels and ;j are similar and a low one otherwise.
First, consider a pixel ¢ adjacent to pixel p. We can add pixel ¢ to pixel p'sregion iff S(p, q) > T for some threshold
T. We can then proceed to the other neighbors of p and do likewise.

Suppose that S(p, ¢) > T and we added pixel ¢ to pixel p's region. We can now similarly consider the neighbors
of ¢ and add them likewiseif they are similar enough. If we continue this recursively, we have an algorithm analogous
to a“flood fill” but which works not on binary data but on similar greyscale data.

Of course, we now have afew unanswered questions to address:

1. How do we define similarity measure S?
2. What threshold 7" do we use? Does it change or stay constant?

3. If wewishto add ¢'s neighbor r, do we use S(p, ), S(q, r), or something else?

18.3 A Few Common Approaches

18.3.1 Similarity Measures

One obvious similarity measure is to compare individual pixel intensities. This can be sensitive to noise, though.

We can reduce our sensitivity to noise by comparing neighborhood characteristics between pixels. For example,
we could compare the average intensities over a neighborhood around each pixel. Notice, though, that thisis simply
the same as applying an averaging kernel through convolution and then doing single-pixel comparison.

One can aso gather other features from the neighborhood, such as texture (which we'll cover in alater lecture),
gradient, or geometric properties.

18.3.2 Comparingto Original Seed Pixel

One approach is to always compare back to the seed point p by using S(p, r) when considering adding pixel r to the
growing region. This the advantage of using a single basis for comparison across all pixelsin the region. However,
it means that the region produced is very sensitive to the choice of seed pixel. Does it make sense that the region
produced by growing pixe p is different than that produced by its neighbor ¢ also in the same region?



18.3.3 Comparingto Neighbor in Region

Oneway of removing this effect is to compare pixel r to the neighboring pixel ¢ already in the region of p: S(q,r). In
thisway, each pixel that is already in the region can bring in neighbors who are like t.

The advantage of this method is that it produces transitive closures of similarity. If p is similar to ¢, and if ¢ is
similar to r, p and r end up in the same region.

Of course, this method can cause significant drift as one grows farther away from the original seed pixel. Indeed,
the original seed is of no significance once one grows out more than one pixel. What started out finding green pixels
ends up adding yellow ones if the transition is gradual enough.

18.3.4 Comparingto Region Statistics

A third approach is to compare candidate pixel r to the entire region already collected. Initially, this region consists of
pixel p aone, so pixel p dominates. As the region grows, aggregate statistics are collected, and any new pixel » which
may be added to the region is compared not to pixel p or to its aready-included neighbor ¢, but to these aggregate
statistics.

One simple such statistic is to keep an updated mean of the region pixels. As each new pixel is added, this mean
is updated. Although gradual drift is still possible, the weight of all previous pixels in the region act as a damper on
such drift. Some texts refers to this as centroid region growing.

18.3.5 Multiple Seeds

Another approach isto initialize the region with not only a single pixel but a small set of pixels to better describe the
region statistics. With such initialization, not only a region mean is suggested but the variance as well. Candidate
points can be compared to the region mean with respect to the region variance. This gives us at least some hope of
producing identical regions under varying noise conditions.

Multiple seeds can be selected either through user interaction or by sampling a small area around the initial seed
point. In other words, if we assume that no desired region is indeed smaller than, say, 5 pixels across, we can sample
our initial statisticsfrom a5 x 5 area around the seed and grow outwards from there.

18.3.6 Cumulative Differences

Another approach is to use a similarity measure that involves not only comparison to a single pixel or to a region
statistic, but by calculating cumul ative differences as one follows a path from the seed to the candidate point.

In other words, if point g isaneighbor or seed p, and candidate point r is aneighbor of ¢, instead of using S(p, )
or S(g,r), wecan use S(p,q) + S(g,r). Thisis equivalent to finding the minimum-cost path from p to » and using
this as the basis for the addition or rejection of point r.

18.3.7 Counterexamples

Yet another approach isto provide not only a seed pixel that isin the desired region but also counterexamples that are
not in the region. This method allows us to use not only the similarity to the region but the dissimilarity to the exterior
(the counterexample). The has the advantage of not requiring a predetermined threshol d—the threshold is simply the
value at which the candidate point becomes more similar to the background than to the foreground region. It does,
however, require some prior knowledgeto “train” the system in this way.

18.4 Multiple Regions

18.4.1 Selecting Seed Points

One way to select seed pointsisto do so interactively. A user can click amouse inside adesired object and ideally fill
the entire object.

But what about automatically segmenting an entire scene this way? Surely user-specified seed points are insuffi-
cient for thistask. One way isto scatter seed points around the image and hope to fill al of the image with regions. If



the current seed points are insufficient, one can include additional seeds by selecting points not already in segmentated
regions.

18.4.2 Scanning

Multiple regions can also be identified by scanning the image in a regular fashion adding pixels to growing regions
and spawning new regions as needed. We can then make additional passes through the image resolving these regions.
Noticethat thisisbasically the same connected-component labelling that we saw earlier, only with asimilarity measure
instead of binary values.

18.4.3 Region Merging

The limit of the multiple-seed approach isto let every pixel be a seed. If two adjacent pixels are similar, merge them
into a single region. If two adjacent regions are collectively similar enough, merge them likewise. This collective
similarity is usually based on comparing the statistics of each region. Eventually, this method will converge when no
further such mergings are possible.

18.4.4 Split and Merge Algorithm

Pure merging methods are, however, computationally expensive because they start from such small initial regions
(individual points). We can make this more efficient by recursively splitting the image into smaller and smaller regions
until all individual regions are coherent, then recursively merging these to produce larger coherent regions.

First, we must split the image. Start by considering the entire image as one region.

1. If theentireregionis coherent (i.e., if al pixelsin the region have sufficient similarity), leave it unmodified.

2. If the region is not sufficiently coherent, split it into four quadrants and recursively apply these steps to each
new region.

The “splitting” phase basically builds a quadtree like we discussed earlier in [Lecture 3] Notice that each of the
regions (sgquares) so produced is now coherent. However, several adjacent squares of varying sizes might have similar
characteristics.

We can thus merge these squares into larger regions from the bottom up, much as we merged regions earlier. Since
we are starting with regions (hopefully) larger than single pixels, this method is more efficient.

18.5 Hybrid Edge/Region Approaches

One can extend the power of both region- and boundary-based segmentation methods by combining the strengths of
the two. For example, we can make region-joining decisions based not only on pixel or neighborhood similarity but
also on already-extracted edges and completion of these edges.

Once we've identified two adjanct regions that are candidates for merging, we can examine the boundary between
them. If the boundary is of sufficient strength (gradient magnitude, number of edge pixels according to some operator,
etc.), we keep the regions separate. If the boundary between them is weak, we merge them.

Most such agorithms use a minimum fraction of edge pixels along the shared region boundary instead of just
looking for holes in the boundaries. Thus, even if thereis a small hole in the edge contour (noise, variation, etc.), the
regions are still kept separate unless this hole or other holes form a sufficiently large fraction of the boundary.

18.6 Watersheds
18.6.1 Basic Definition

A watershed region or catchment basin is defined as the region over which all points flow “downhill” to a common
point. Theidea originates from geology but has been applied to vision aswell. In geology, one might want to consider
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the local region where al rainwater flows to a single lake or river. This might not seem to be applicable to intensity-
based regions (why do we care about following intensity changes to a common dark point?) but it makes sense if we
apply them to gradient magnitude images.

18.6.2 Watersheds of Gradient Magnitude

We talked before about how we'd like our edges to be locii of “maxima” gradient magnitude. One way of defining
these maximal curves (ridges) is as the boundaries of watershed regions—everything on one side “fl ows’ downhill to
one side and everything on the other flows to the other side. Thus, as you cross from one watershed region to another,
you've had to cross over some local ridge curve. Unfortunately, this definition of a ridge isn't based on purely local
properties but instead requires building the regions first. But for segmentation, isn’t that what we're after?

So, a common technique for segmentation is to use gradient watershed regions. First build a gradient magnitude
image, then find the watershed regionsin thisimage.

18.6.3 Basic Implementation

One way to find watersheds is to think of filling them from the bottom up and finding where different pools merge.

Suppose that the greylevel rangeis[0,255]. Start first with the O pixels. Clearly, nothing can be less than these, so
these form the basis for new watersheds. Then add all pixels with intensity 1. If they are next to existing watersheds
(O-intensity pixels), add them to these regions. Otherwise, start a new region for each pixel that is not next to an
existing region.

This process repeats for each intensity & up to the maximum (255 in this example). Each k-intensity pixel that
is next to an aready-labeled watershed region is added to that region. Each k-intensity pixel that is not next to an
already-labeled watershed region starts a new region.

One must be careful though: there may be multiple k-intensity pixels together, and if any one of these is adjacent
to an already-labeled region, they all should be added.

This basic algorithm can be made faster by maintaining histogram-like data structures that index all pixels by their
intensity. This makesit very fast to find all pixelswith a particular intensity &.

18.6.4 Tobogganing

Another approach isto “dide’” down a watershed to the common minimum. This approach links each pixel with the
smallest of its neighbors. That oneislinked to the smallest of its neighbors, that one to the smallest of its neighbors,
etc. Eventually you get to points that have no smaller neighbors (local minima), which form the basis for a watershed
region. The closure of all points that eventually link to the same minimum defines the watershed. This approach has
been dubbed “tobogganing” because of its similarity to riding a sled down a mountainside.

18.7 Postprocessing

The major problem with region-based segmentation is that they usually undersegment (too few, too large regions) or
oversegment the image (too many, too little regions). This is especially true for watersheds—even alittle noise can
make an otherwise homogeneous region “crinkle” into lots of small watersheds causing significant oversegmentation.
Because of this, most implementations of region-based segmentation involve some form of postprocessing step that
attempts to either split undersegmented regions or merge oversegmented ones.

The problem with this is that the segmentation depends on what you are trying to do with the image. If you are
segmenting a tiger or a zebra, is it the stripes or the entire body that you're after? The only way of segmenting the
image in any meaningful way is the one that considers images at these different levels.

Thisideais similar to the one we talked about earlier for scale—indeed, some approaches to this problem do use
multiscale segmentation. The ideaisto build a hierarchy of regions that (hopefully!) are isolated regions at one level
and parts of the same object at others.
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20.1 Matching

So far, we have talked about ways of segmenting general images (edges or regions) and for finding configurations of
edges in parametrically-defined shapes (Hough transform). We’ll now talk about segmenting where you know roughly
what you're looking for in both intensity and configuration.

20.1.1 Overall Strategy

The overall strategy of template matching is easy: for every possible position, rotation, or other geometric transforma-
tion, compare each pixel's neighborhood to a template. After computing the strength of the match for each possibility,
select the largest one, the largesor all that exceed some threshold.

20.1.2 Comparing Neighorhoodsto Templates

Suppose that you already have a template for what you're looking for. One way of finding matchelition:
shifting the template to each point in the image, point-wise multiplying each pixel in the neighborhood with the
template, and adding the results. Essentially, this is the dot product of each neighborhood with the template. Remember
that the dot product of two vectors is essentially the projection of one onto the other—the more they match, the larger
the dot product.

There are other ways of measuring similarity of individual neighborhoods to a template, also based on vector-
similarity metrics. The most common vector (or matrix) similarity metric is fheorm of their difference. The

L-norm of ordem for a vectors is
1/p
1oll, = (Z 77il”)

The most common forms df-norms are thd.; horm (sum of absolute values), tthig norm (square root of the sum
of squares—i.e., Euclidean distance), andfhenorm (maximum absolute value).

The(C; metric (Eq. 5.39) in your text is the reciprocal of the norm of the difference between each neighborhood
and the template. Thé's metric (Eq. 5.40) in your text is the reciprocal of tlhg norm squared. Thé€'; metric
(Eqg. 5.39) in your text is the reciprocal of tiig, norm.
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Picking the neighborhood with the largest match criterion (Cy, C5, or C3) isthe same as choosing the neighborhood
with whose respective norm (L., L1, or Ls) of the difference between the neighborhood and the template is the
smallest.

20.1.3 Flexible Templates

Sometimes, what we're looking for might not be exactly the same in every image. Oneway to deal with thisisto break
the template into pieces and try to match each piece as if it was its own template. Position the entire template over
the neighborhood, then search around the normal position of each subtemplate for the best match. The best combined
match for al subtemplates gives the match for the overall template.

20.1.4 Control Strategies

Obviously, checking all possible transformations is computationally prohibitive in many cases. There are a number of
ways of avoiding this, usually by only checking possible cases and then refining those that are “promising”.

Hierarchical Matching (Pyramids)

One way to reduce the computational complexity of matching is to use the pyramid structure introduced in Lecture
3. By matching a coarser template to a coarser level of the pyramid, fewer comparisons must be performed. Once
the strength of each coarser-resolution match is calculated, only those that exceed some threshold need to be evalu-
ated/compared for the next-finer resolution. This process proceeds until the finest resolution (or at least a sufficiently
fine resolution for the current task) is reached.

Iter ative Refinement

Another way to perform matching is to use gradient-descent minimization techniques to iteratively tweak the trans-
formation parameters until the best match is found. Unfortunately, these techniques require starting “near” the right
solution. Still, this means that we don't have to check all possible transformations, just a sufficient number to allow
us to find the matches through further refinement. For example, we might test rotationsin 5- or 10-degree increments
only. For each initia rotation, we then further refine the match by iteratively minimizing the difference from the
template.

Chamfer Matching

Other approaches use distance maps to guide edge-based matches to corresponding edges. Remember that a chamfer
isamap of the distance from each point to the nearest boundary. We might characterize the degree of mismatch for
two curves (boundaries or other curve-based representations) by creating a distance map for one and then integrating
the distance map for the first curve over al positions in the second curve. We can then iteratively adjust the posi-
tion/orientation of the second curve until this integrated distance is minimized. This approach is known as chamfer
matching and can be a very powerful technique.

Chamfer matching has also been used to match skeletal structures such as the media axis.

20.2 Advanced Boundary Tracking
20.2.1 Tracking Both Sides of a Thin Object

Earlier, we discussed how to formulate boundary tracking as a graph-searching problem. This approach only tracks
one boundary at atime. For some applications, we may want to simultaneously track both sides of along, thin object
(blood vessel, road, etc.). Simply tracking each side independently doesn’t work when the object branches, crosses
other edges, etc.

We can extend tracking of one contour to tracking two by constructing a graph that represents simultaneous move-
ment along both edges. This can be done by constructing a separate graph for tracking each edge then “folding” one
orthogonal to the other (like folding a piece of paper in half so that the two halves are perpendicular to each other) to



create the basis for a three-dimensional graph. As we move from aong the length of the shape, we simultaneously
move side-to-side in each of the two other dimensions of the graph, which each correspond to a different side of the
object. Your text does anice job explaining a cost function that combines the strength of the edge on each side.

20.2.2 Surface Tracking

The concepts of boundary tracking can also be extended to surfacesin 3-d. The general form of this problemisactually
quite hard: there isn't a two-dimensional surface analog to a one-dimensional minimum-cost path from one point to
another. One can calculate the cost for a surface by adding all of the costs of the individual nodes, but what defines
the “start” and “end” of the surface? Some approaches have tried to use 1-d ribbons or similar structuresto “wrap” the
surface. Other approaches use constrained forms of the problem.

One such constrained approach is described in your text. The ideais to construct the surface-search so that it goes
from one side of a 3-d volume to the opposite side. As you progress through each slide through the volume, you can
move in each of the other two dimensions by some predefined maximum transition, but always progressing from one
face of the volume towards the opposite face. The problem can thus be set up as a dynamic-programming problem and
implemented as such.

When we talked about using a top-to-bottom search graph earlier, we also talked about how you could wrap a
resampled search grid around an already-approximated boundary. We can aso do the same for surfaces. If the object’s
surface can be “unrolled” to a simple function of two search variables, we can find it using this surface-tracking
technique.

Vocabulary

e Chamfer matching

e Surface tracking
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The material in Section 8.4 is covered in more detdilin C3|521.

21.1 Introduction

So far, we've looked at low-level processing (clean-up, edge or other feature detection, etc.), segmenting the image
into regions that hopefully correspond to objects, and representing those objects using various represémegtons.
understanding is the process of actually interpreting those regions/objects to figure out what's actually happening in
the image. This may include figuring out what the objects are, their spatial relationship to each other, etc. It may also
include ultimately making some decision for further action.

21.2 Control Strategies
21.2.1 Bottom-Up

The process as we've just described ibastom-up: it starts from the raw image data, works upward to object shape
representation, and from there to a higher-level analysis or decision.

21.2.2 Top-Down

Image understanding can also work from the top down. Such processing makes hypotheses about that is happening,
then uses the image data to validate/reject those hypotheses. Most of these approanbes-besed. That is, they

have an approximate model of what they think they're looking at, then try to fit that model to the data. In a sense,
primitive-fitting approaches such as the Hough transform used this idea. This idea can be extended further to so-called
deformable models, in which you can deform the model to better fit the data. The goodness of the match is the inverse

of how much you have to work to deform the model to fit the data.
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21.2.3 Hybrid Hierarchical Control

Obvioudly, these two paradigms aren’t mutually exclusive: one might use bottom-up processing to bring the informa
tion to something higher than the pixel level, then switch to top-down processing using thisintermediate representation
to validate or reject hypotheses.

21.2.4 ActiveVision

A third aternative, neither quite bottom-up or top-down, presents itself when the vision system is part of a larger
system capable of acting so as to be able to influence the position/view/etc. Such active vision approaches more
accurately model the way people interact with the world. The idea is to make a tentative hypothesis (using either
top-down or bottom-up processing) then ask yourself, “based on what | already know (and suspect), what do | need to
do to be able to acquire the information that will best help me analyze the image or otherwise accomplish my task?’

21.3 Active Contours (Snakes)

The earliest and best known active contour approach is snakes. deformable splines that are acted upon by image,
internal, and user-defined “forces’” and deform to minimize the “energy” they exert in resisting these forces.

Your text has a good description of snakes, and you should also read the origina paper (Kass, Witken, and Ter-
zopolousin CVPR 87).

Notice that the general form of a snake follows the idea introduced earlier when we discussed graph-based ap-
proaches:

1. Establish the problem as the minimization of some cost function.
2. Use established optimization techniques to find the optimal (minimum cost) solution.

In the case of a snake, the cost function isthe “energy” exerted by the snake in resisting the forces put upon it. The
original formulation of this“energy” was

Esnake = WintEint + WimageFimage + wcon£con (21.1)
where each term is as follows:
Ejnt Internal Energy Keeps the snake from bending too much
E; mage Image Energy Guides the snake along important image features

Econ Constraint Energy  Pushes or pulls the snake away from or towards user-defined positions

Thetotal energy for the snakeisthe integral of the energy at each point:
1
snake = /0 Egnake(s) ds (21.2)

21.3.1 Internal Energy

The internal energy term tries to keep the snake smooth. Such smoothness constraints are also a common theme in
computer vision, occurring in such approaches as

e Bayesian reconstruction
e Shape from shading
e Stereo correspondence

e and many others...



Theinterna energy term in general keeps the model relatively closeto its original a priori shape. In this case, we
explicitly assume that the contour we want is generally smooth but otherwise unconstrained. Other models might start
with an approximation of abrain, a heart, akidney, alung, a house, a chair, aperson, etc.orm this model—in all cases,
the internal energy term constrains the deformation.

One hasto be careful with the weighting given to internal energy terms, though: too much weight means the model
stays too “rigid” and the system “sees what it wants to se€”, too little weight means the model is too flexible and can
pretty much match up to anything.

In the original snakes implementation, they used two terms to define the internal energy: one to keep the snake
from stretching or contracting along its length (el asticity) and another to keep the snake from bending (curvature):

2
2
prAC)

Notice that both a(s) and 3(s) are functions of the arc length along the snake. This means that we can (perhaps
interactively), keep the snake morerigid in some segments and more flexible in others.

Eipi(s) = a(s)|| 22 (s)|| + B(s)

21.3.2 Image Energy

The image energy term is what drives the model towards matching the image. It is usualy inversely based on image
intensity (bright curve finding), gradient magnitude (edge finding), or similar image features. Make sure to note the
inverse relationship: strong features are low energy, and weak features (or no features) are high energy.

An interesting image energy term used in the original snakes paper also tracked line terminations. These are useful
in analyzing visua illusions such as the Kinisa and Ehringhaus illusions illustrated in your text. This line termination
term is the same level-set curvature measure that we learned about when we studied differential geometry (and which
you expanded in HW 5).

21.3.3 Constraint Energy

Some systems, including the original snakesimplementation, allowed for user interaction to guide the snakes, not only
ininitial placement but also in their energy terms. Such constraint energy can be used to interactively guide the snakes
towards or away from particular features.

The original snakes paper used “springs’ (attraction to specified points) and “volcanos’ (repulsion from specified
points).

21.3.4 Implementation

The simplest form of optimization is gradient-descent minimization. Theideais to find the minimum of a function f
by iteratively taking a step “downhill”.

For example, let’'s consider afunction of only one variable. If we have a starting guess at the value of the solution,
we can look at the slope at that point and decide to increment our solution (negative slope) or decrement our solution
(positive slope). Notice the negation there: if the slopeis positive, downhill is backwards; and if the slope is negative,
downhill is forwards. We can thus implement gradient-descent minimization as

Tpp1 = Tp — 7%(@3)

where v controls the size of the step at each iteration.
For functions of two dimensions, the fastest direction downhill is the opposite of the fastest direction uphill (the
gradient). Thisisbasically just the same as doing gradient-descent minimization in each variable at the same time:

Ti41 = Lo — ’Y@(l't)

and
o df (y¢)
Yt+1 = Ye de Yt



Or, more generally for any function of a vector Z:
Tip1 = Ty — YV f(Tr)
Implementing such minimization in this form is actually quite smple:

grad = Cal cul at eGradi ent (f, x);

whil e (magnitude(grad) > convergence_threshold) {
X -= gama * grad;
grad = Cal cul ateG adi ent (f, x);

}

The difficult part isn't implementing the minimization, it's differentiating the function you're trying to minimize.
In the case of Eq. 21.2] we can approximate it using a number of discrete points on the snake v; = (z;, y;):

anake ~ 2 _ Penake(V:)
1
what’s nice about thisis that the derivative of a sum is the sum of the derivatives, so

Z Esnake(i)

> VEgakel®:)
1

We can thus think of the problem as iteratively adjusting each of the points v; using its own gradient-descent mini-
mization:
V; — Ui — VEsnake(@l)
Using Eq.21.1] we get
VEgqakel®) = V [wintEi nt(0i) + wimageEi mage(@i) + wconEcon(@;)}
= wintVEi nt(l_}i) + ’wimageVEi mage(l_)i) + ’wconVEcon(T)i)

Notice that w; mageVEi mage("_’i) + weconV Econ(7;) depends only on the image, not on the relationship of the snake
to any other part of itself, so we can precalculate this for every point in theimage. Simply calculate w; mageEi mage T
wconEcon everywhere, then measure its derivatives locally. Let’'s call this V Eeyt:

VEext = WimageV Eimage + wconV Econ
Substituting, our minimization now becomes
Vi <— Vy — Y [wintVEint(T}i) + VEext(’f}z)]

So, the only thing left to do isto solve for the gradient of the internal energy. Unfortunately, this is rather complicated
since it's a function of the spline itself, not the image. Fortunately, it simplifies considerably if «(s) and 3(s) are
constant—K ass, Witkin, and Terzopol ous published the following:

VEm(s) = ¥ |al g0 +5]

5]
=10/

[aVH%(S)W%-ﬁV’

0%v 0*v
= 052 Thga




These can be approximated using finite differences—the second derivative w.r.t. s can be calculated using three
adjacent points on the snake, and the fourth derivative w.r.t. s can be calculated using five adjacent points. It aso helps
to separate the x and y components.

Putting it all together:

0%v 0*v

o 1= {wing a5 300 + 55500 + VP

or more simply:
0%x 0tz

0
Ti—Ti—" {wint {O‘@(@i) + ﬂ@@i)} + %Eext(@i)}

%y My, 0 _
Yi — Yi — {”wim [a@(vi) + @(Ui)] + 8—yEext(Ui)}

Got all that? Before you start the iteration, precalculate Fext(v;) and calculate the derivatives of thisw.r.t. = and
y separately. When you're ready to start the iteration, calculate at each point % (v;) and g% (v;) using three adjacent
points and %(@i) and %(T%) using five adjacent points. Then calculate the incremental change in the z and y
components of each point v;. You then have to recal culate the derivatives of the internal energy on each iteration. For
the externa energy term, you can simply read from the precal culated images for the derivatives of Egxt(7;) using the
new positions of each v;.

21.4 Point-Density Models

Point density models can be thought of as deformable modelsin which the deformation “ energy” is based on statistical
properties of alarge number of training examples. This has the powerful advantage of allowing deformation where the
objects themselves normally differ while remaining more rigid where the objects themsel ves are normally consistent.

First identify a number of key landmark points for the object. These need not be on the contour but can be any
identifiable points.

Now, gather a collection of sample images with varying shapes that you want to recognize. (For example, if you're
building a system to recognize and analyze brains, get a collection of sample brains; if you're building a system to
recognize different kinds of fish, get yourself samples of each kind of fish; etc.) For each image in your training set,
find the landmarks and store their locations. Now, you need to register these images by transforming (trandating,
rotating) the landmark points so that they are al registered relative to a common mean shape.

We can now measure the covariance matrix for all of the landmarks across all of the training shapes. Thistellsus
not only the consistency of each landmark but the way each landmark tends to move as the others move.

The covariance matrix can be further analyzed by computing its eigenvalues and eigenvectors (called principal
component analysis). These eigenvectors are called the modes of variation of the shapes, and the eigenvaluestell you
therigidity or flexibility along these modes. Notice that a mode is not a single direction—it’s an overall changein al
of the landmarks relative to each other.

Point-density or landmark-based models, though they can be computationally expensive, are among the most
powerful models for shape description and deformation currently in use.

Vocabulary

e Bottom-up processing

Top-down processing

Activevision

Active contours/ Snakes

Gradient-descent minimization



e Point-density models

e Landmarks
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22.1 Introduction

In previous lectures we've talked about how to describe the shape of a region. In this lecture, we'll be talking about
how to describe the content of the region itself.

22.2 Intensity Descriptors

The easiest descriptors for the contents of a region describe the general intensity properties: average grey-level, medial
grey-level, minimum and maximum grey-level, etc.
These descriptors are, however, subject to intensity gain or other parameters of the imaging system.

22.3 Overview of Texture

Texture is one of those words that we all know but have a hard time defining. When we see two different textures, we
can clearly recognize their similarities or differences, but we may have a hard time verbalizing them.
There are three main ways textures are used:

1. To discriminate between different (already segmented) regions or to classify them,
2. To produce descriptions so that we can reproduce textures, and
3. To segment an image based on textures.

In this lecture we’ll mainly discuss ways of describing textures, each of which can be applied to all three of these
tasks.
There are three common ways of analyzing texture:
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1. Statistical Approaches
2. Structural Approaches
3. Spectral Approaches

22.4 Statistical Approaches

Since textures may be random, but with certain consistent properties, one obvious way to describe such textures is
through their statistical properties.

2241 Momentsof Intensity

We discussed earlier the concept of statistical moments and used them to describe shape.
These can a so be used to describe the texture in aregion. Suppose that we construct the histogram of the intensities
in aregion. We can then compute moments of the 1-D histogram:

e Thefirst moment isthe mean intensity, which we just discussed.

The second central moment is the variance, which describes how similar the intensities are within the region.

The third central moment, skew, described how symmetric the intensity distribution is about the mean.

The fourth central moment, kirtosis, describes how flat the distribution is.

The moments beyond this are harder to describe intuitively, but they can also describe the texture.

22.4.2 Grey-level Co-occurrence

Another statistical way to describe shape is by statistically sampling the way certain grey-levels occur in relation to
other grey-levels.

For a position operator p, we can define a matrix P;; that counts the number of times a pixel with grey-level
occurs at position p from a pixel with grey-level ;.

For example, if we have three distinct grey-levels 0, 1, and 2, and the position operator p is “lower right”, the
counts matrix P of theimage

0O 0 0 1 2
1 1 0 1 1
2 210 0 (22.1)
1 1.0 2 0
0 01 0 1
is
4 2 1
P=]2 3 2 (22.2)
0 2 0

If we normalize the matrix P by the total number of pixels so that each element is between 0 and 1, we get a
grey-level co-occurrence matrix C.
Note: Different authors define the co-occurence matrix alittle differently in two ways:

¢ by defining the relationship operator p by an angle 6 and distance d, and
¢ by ignoring the direction of the position operator and considering only the (bidirectiona) relative relationship.

This second way of defining the co-occurrence matrix makes all such matrices symmetric. So, if Pgfy = rT| ght'

Phorizontal = Hleft + Fright-
We can get various descriptors from C' by measuring various properties, including the following:



1. the maximum element of C'
max (c;;) (22.3)
]
2. the element difference moment of order k

>3 eli— i)t (22.4)

3. theinverse element difference moment of order k

}:}:qﬁu—jf (22.5)

4. entropy

- Z Z Cij IOg Cij (226)
g

5. uniformity

Z Z c; (22.7)
v

Other similar measures are described in your text.

22.5 Structural Approaches

A second way of defining the texture in a region is to define a grammar for the way that the pattern of the texture
produces structure.

Because as CS students you should be familiar with grammars by now, we won't go into great detail here. The
basic scheme is to build a grammar for the texture and then parse the texture to see if it matches the grammar. The
idea can be extended by defining texture primitives, simple patterns from which more complicated ones can be built.
The parse tree for athe pattern in a particular region can be used as a descriptor.

22.6 Spectral Approaches
22.6.1 Collapsed Frequency Domains

A third way to analyze texture is in the frequency domain. If textures are periodic patterns, doesn't it make sense to
analyze them with periodic functions?

The entire frequency domain is, however, as much information as the image itself. We can condense the informa-
tion by collapsing a particular frequency across all orientations (by integrating around circles of fixed distance from
the frequency origin) or by collapsing all frequenciesin a particular orientation (by integrating along each of a unique
orientation though the origin). If we express the frequency-domain coordinates in polar coordinates, these are

S(r) = i S(r,0) (22.8)
6=0
and
N/2
S(0) = _S(r,0) (22.9)
r=0

S(r) tells us the distribution of high and low frequencies across all angles. S () tells us the distribution of fre-
guency content in specific directions. These two one-dimensional descriptors can be useful for discriminating textures.



22.6.2 Local Frequency Content

As we discussed earlier, the frequency domain contains information from all parts of the image. This makes the
previous method useful for global texture analysis, but not local. If aregion has aready been segmented, you could
pad the region with its average intensity to create a rectangular image. This doesn’t, however, provide a useful way of
using texture to do the segmentation.

We can define local frequency content by using some form of co-joint spatial-frequency representation. Aswe dis-
cussed, though, this only partially localizes the position or frequency of the information—you can’t do both perfectly.

A simple way to do thiswould beto examinethe N x N neighborhood around a point and to compute the Fourier
Transform of that N x N subimage. As you move from one textured region to another, the frequency content of the
window changes. Differencesin the frequency content of each window could then be used as ameans of segmentation.

Of course, one still needs to distill descriptors from the frequency content of each window. One such descriptor
(Coggins, 1985) is to compute the total energy (squared frequency content) of the window. If you exclude the zero-
frequency term, thisisinvariant to the average intensity. If you normalize by the zero-frequency term, it isinvariant to
intensity gain aswell. There are, of course, other descriptors you could use as well.

22.7 Moments

We talked earlier about how moments of an intensity histogram can be used to describe a region.

We can go one step further by describing the combination of both intensity and pattern of intensity by computing
moments of the two-dimensional grey-level function itself. Remember that we said that if you had enough moments,
you could reconstruct the function itself? Well, this means that we can reconstruct an entire image from its moments,
much like we could reconstruct the image from the transforms we've discussed. As we've done before, though, we
don't really need all of the moments to be able to get good matching criteria.

However, moments themselves aren’t invariant to all of the transformations we've discussed. Certain combina-
tions of the moments can be constructed so as to be invariant to rotation, translation, scaling, and mirroring. These
combinations can be used as descriptors for matching images.

Vocabulary
e Texture
e Grey-level Co-occurrence Matrix

e Spectral Energy
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